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STRUCTURED STRONG LINEARIZATIONS OF STRUCTURED
RATIONAL MATRICES
RANJAN KUMAR DAS ∗ AND RAFIKUL ALAM †
Abstract. Structured rational matrices such as symmetric, skew-symmetric, Hamiltonian, skew-
Hamiltonian, Hermitian, and para-Hermitian rational matrices arise in many applications. Lineariza-
tions of rational matrices have been introduced recently for computing poles, eigenvalues, eigenvec-
tors, minimal bases and minimal indices of rational matrices. For structured rational matrices, it
is desirable to construct structure-preserving linearizations so as to preserve the symmetry in the
eigenvalues and poles of the rational matrices. With a view to constructing structure-preserving lin-
earizations of structured rational matrices, we propose a family of Fiedler-like pencils and show that
the family of Fiedler-like pencils is a rich source of structure-preserving strong linearizations of struc-
tured rational matrices. We construct symmetric, skew-symmetric, Hamiltonian, skew-Hamiltonian,
Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian strong linearizations of a ra-
tional matrix G(λ) when G(λ) has the same structure. Further, when G(λ) is real and symmetric, we
show that the transfer functions of real symmetric linearizations of G(λ) preserve the Cauchy-Maslov
index of G(λ). We describe the recovery of eigenvectors, minimal bases and minimal indices of G(λ)
from those of the linearizations of G(λ) and show that the recovery is operation-free.
Key words. Structured rational matrix, system matrix, matrix polynomial, eigenvalues, eigen-
vector, minimal basis, minimal indices, strong linearization, Fiedler pencil.
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1. Introduction. Structured rational matrices such as symmetric, Hamiltonian,
skew-symmetric, skew-Hamiltonian, Hermitian, skew-Hermitian, para-Hermitian and
para-skew-Hermitian rational matrices arise in many applications, see [22, 25, 21,
19, 20, 27, 30, 34] and the references therein. For example, the Hermitian rational
eigenvalue problem
G(λ)u :=
(
λ2M +K −
k∑
i=1
1
1 + λbi
∆Ki
)
u = 0
arises in the study of damped vibration of a structure, where M and K are positive
definite, bi is a relaxation parameter and ∆Ki is an assemblage of element stiffness
matrices [27, 30]. Also various structured rational matrices arise as transfer functions
of linear time-invariant (LTI) systems, see [22, 25, 21, 20, 28, 34].
Our main aim in this paper is to construct structure-preserving strong lineariza-
tions of structured rational matrices and to recover eigenvectors, minimal bases and
minimal indices of rational matrices from those of the linearizations. Let G(λ) be
an n × n rational matrix, that is, the entries of G(λ) are scalar rational functions
of the form p(λ)/q(λ), where p(λ) and q(λ) are scalar polynomials. We consider the
following structures:
symmetric : G(λ)T = G(λ) Hermitian : G(λ)∗ = G(λ¯)
skew-symmetric : G(λ)T = −G(λ) skew-Hermitian : G(λ)∗ = −G(λ¯)
Hamiltonian : G(λ)T = G(−λ) para-Hermitian : G(λ)∗ = G(−λ¯)
skew-Hamiltonian : G(λ)T = −G(−λ) para-skew-Hermitian : G(λ)∗ = −G(−λ¯),
(1.1)
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where XT (resp., X∗) denotes the transpose (resp., conjugate transpose) of a matrix
X and λ¯ denotes the conjugate of λ. For more on these structured rational matrices,
we refer to [22, 25, 21, 19, 27, 28, 34, 20, 30] and the references therein.
We mention that there is a slight difference in the naming convention between
some of the structured rational matrices and structured matrix polynomials. The
Hamiltonian (resp., skew-Hamiltonian) structure for rational matrices is known as
T -even (resp., T -odd) structure for matrix polynomials [26]. On the other hand,
para-Hermitian (resp., para-skew-Hermitian) structure for rational matrices is known
as ∗-even (rep., ∗-odd) structure for matrix polynomials [26]. We follow both the
naming conventions in the rest of the paper without any bias.
Linearization of rational matrices is a relatively new concept and has been studied
in [1, 3, 4, 5, 13, 30]. However, barring symmetric linearizations [13, 17], structure-
preserving linearizations of structured rational matrices have not been constructed
in the literature. The frameworks of Fielder pencils, generalized Fiedler pencils, and
affine spaces of pencils for rational matrices presented in [1, 3, 13] are not adequate
for construction of structure-preserving linearizations of structured rational matrices.
The main aim of this paper is to present a framework for construction of structure-
preserving strong linearizations of structured rational matrices considered in (1.1).
For this purpose, we propose a new family of Fiedler-like pencils of G(λ) which we
refer to as generalized Fiedler pencils with repetition (GFPRs) of G(λ). We show
that the GFPRs of G(λ) are Rosenbrock strong linearizations of G(λ) and describe
the recovery of eigenvectors, minimal bases and minimal indices of G(λ) from those
of the GFPRs of G(λ). In fact, we show that the eigenvectors and minimal bases
can be recovered without performing any arithmetic operations. Next, we show that
the family of GFPRs of G(λ) is a rich source of structure-preserving linearizations
of G(λ) and utilize these pencils to construct structure-preserving Rosenbrock strong
linearizations of G(λ). In particular, when G(λ) is real symmetric, we construct real
symmetric linearizations of G(λ) whose transfer functions preserve the Cauchy-Maslov
index of G(λ). We also show that Fiedler pencils (FPs) and generalized Fiedler pencils
(GFPs) of G(λ) constructed in [1, 3] are in fact Rosenbrock strong linearizations of
G(λ).
The rest of the paper is organized as follows. We collect some basic results in
Section 2. We introduce GFPRs of G(λ) in Section 3 and show that the FPs, GFPs
and GFPRs of G(λ) are Rosenbrock strong linearizations. We construct structure-
preserving Rosenbrock strong linearizations of structured rational matrices in Sec-
tion 4. Finally, we describe the recovery of eigenvectors, minimal bases and minimal
indices of G(λ) from those of the Rosenbrock strong linearizations ofG(λ) in Section 5.
Notation. We denote by C[λ] the ring (over C) of scalar polynomials and by
C(λ) the field of rational functions of the form p(λ)/q(λ), where p(λ) and q(λ) are
polynomials in C[λ]. We denote by C[λ]m×n (resp., C(λ)m×n) the vector space of
m × n matrix polynomials (resp., rational matrices) over C (resp., over C(λ)). The
spaces C[λ]m and C(λ)m, respectively, denote C[λ]m×n and C(λ)m×n when n = 1.We
denote the j -th column of the n×n identity matrix In by ej and the transpose (resp.,
conjugate transpose) of an m × n matrix A by AT (resp., A∗). The right and left
null spaces of A are given by Nr(A) := {x ∈ Cn : Ax = 0} and Nl(A) := {x ∈ Cm :
xTA = 0}, respectively. We denote by A⊗B the Kronecker product of the matrices
A and B.
2. Basic results. Let G(λ) ∈ C(λ)m×n. The rank of G(λ) over the field C(λ)
is called the normal rank of G(λ) and is denoted by nrank(G). If nrank(G) = n = m
2
then G(λ) is said to be regular, otherwise G(λ) is said to be singular. A complex
number µ ∈ C is said to be an eigenvalue of G(λ) if rank(G(µ)) < nrank(G). We
denote the set of eigenvalues of G by eig(G). Let
D(λ) := diag
(
φ1(λ)
ψ1(λ)
, . . . ,
φk(λ)
ψk(λ)
, 0m−k,n−k
)
be the Smith-McMillan form [24, 29] of G(λ), where k := nrank(G) and the scalar
polynomials φi(λ) and ψi(λ) are monic and pairwise coprime and that φi(λ) di-
vides φi+1(λ) and ψi+1(λ) divides ψi(λ), for i = 1, 2, . . . , k − 1. Set φG(λ) :=∏k
j=1 φj(λ) and ψG(λ) :=
∏k
j=1 ψj(λ). Then µ ∈ C is a pole of G(λ) if ψG(µ) = 0.
A complex number µ is said to be a zero of G(λ) if φG(µ) = 0. The spectrum of G(λ)
is given by Sp(G) := {λ ∈ C : φG(λ) = 0} and consists of the finite zeros of G(λ).
Note that eig(G) ⊂ Sp(G). See [1, 24] for more on eigenvalues and zeros of G(λ).
When G(λ) is singular, the right null space Nr(G) and the left null space Nl(G)
of G(λ) are given by
Nr(G) := {x(λ) ∈ C(λ)
n : G(λ)x(λ) = 0} ⊂ C(λ)n,
Nl(G) := {y(λ) ∈ C(λ)
m : y(λ)TG(λ) = 0} ⊂ C(λ)m.
Let B :=
(
x1(λ), . . . , xp(λ)
)
be a polynomial basis [24, 18] of Nr(G) ordered so that
deg(x1) ≤ · · · ≤ deg(xp), where x1(λ), . . . , xp(λ) are vector polynomials, that is, are
elements of C[λ]n. Then Ord(B) := deg(x1) + · · · + deg(xp) is called the order of
the basis B. A basis B is said to be a minimal polynomial basis [24] of Nr(G) if
E is any polynomial basis of Nr(G) then Ord(E) ≥ Ord(B). A minimal polynomial
basis B :=
(
x1(λ), . . . , xp(λ)
)
of Nr(G) with deg(x1) ≤ · · · ≤ deg(xp) is called a
right minimal basis of G(λ) and deg(x1) ≤ · · · ≤ deg(xp) are called the right minimal
indices of G(λ). A left minimal basis and the left minimal indices of G(λ) are defined
similarly. See [24, 18] for further details.
We say that a k× p matrix polynomial Z(λ) is a minimal basis if the columns of
Z(λ) form a minimal basis of the subspace of C(λ)k spanned (over the field C(λ)) by
the columns of Z(λ).
Let G(λ) ∈ C(λ)n×n. We consider a realization of G(λ) of the form
G(λ) =
∑m
j=0
Ajλ
j + C(λE −A)−1B =: P (λ) + C(λE −A)−1B, (2.1)
where λE − A is an r × r matrix pencil with E being nonsingular, C ∈ Cn×r and
B ∈ Cr×n. The realization (2.1) is said to be minimal if the size of the pencil λE −A
is the smallest among all the realizations of G(λ), see [24]. The matrix polynomial
S(λ) :=
[
P (λ) C
B A− λE
]
(2.2)
is called the system matrix (or the Rosenbrock system matrix) of G(λ) associated
with the realization (2.1). The system matrix S(λ) is said to be irreducible if the
realization (2.1) is minimal. The system matrix S(λ) is irreducible if and only if
rank
( [
B A− λE
] )
= r = rank
( [
CT (A− λE)T
]T )
, see [24, 29]. Observe
that eig(G) ⊂ eig(S) and we have eig(S) = Sp(G) when S(λ) is irreducible, see [1, 29].
An n × n matrix polynomial U(λ) is said to be unimodular if det(U(λ)) is a
nonzero constant independent of λ. A rational matrix G(λ) is said to be proper if
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G(λ)→ D as λ→∞, where D is a matrix. An n× n rational matrix F (λ) is said to
be biproper if F (λ) is proper and F (∞) is a nonsingular matrix [31].
Definition 2.1 ([13]). Let L(λ) be an (mn + r) × (mn + r) irreducible system
matrix of the form
L(λ) :=
[
X − λY C
B H − λK
]
, (2.3)
where H − λK is an r × r pencil with K being nonsingular. Then L(λ) is said to be
a Rosenbrock strong linearization of G(λ) if the following conditions hold.
(a) There exist mn × mn unimodular matrix polynomials U(λ) and V (λ), and
r × r nonsingular matrices U0 and V0 such that[
U(λ) 0
0 U0
]
L(λ)
[
V (λ) 0
0 V0
]
=
[
I(m−1)n 0
0 S(λ)
]
.
(b) There exist mn×mn biproper rational matrices Oℓ(λ) and Or(λ) such that
Oℓ(λ)λ
−1G(λ)Or(λ) =
[
I(m−1)n 0
0 λ−mG(λ)
]
,
where G(λ) := X − λY + C(λK −H)−1B is the transfer function of L(λ).
The pencil L(λ) is also referred to as a Rosenbrock strong linearization of S(λ).
We refer to [13] for more on Rosenbrock strong linearizations of G(λ) and the
relation between the structural indices of (finite and infinite) zeros and poles of G(λ)
and L(λ). Suffice it to say that the condition (a) ensures (see, [3, Theorem 3.4]) that
U(λ)G(λ)V (λ) = diag(I(m−1)n, G(λ)) which in turn ensures that G(λ) and G(λ)
have the same finite zeros and poles. The irreducibility of L(λ) guarantees that the
finite zeros and poles of G(λ) are the same as the finite eigenvalues of L(λ) and
H − λK, respectively; see [24, 13]. On the other hand, the condition (b) ensures that
the structural indices of zeros and poles of G(λ) at infinity can be recovered from the
structural indices of eigenvalues and poles of L(λ) at infinity (see [13]). Thus the zeros
and poles of G(λ) including their structural indices can be obtained by solving the
eigenvalue problems L(λ)v = 0 and (H − λK)u = 0; see [1, 2, 3, 13]. As mentioned
in [13], Definition 2.1 is equivalent to the definition of strong linearization of rational
matrices presented in [4].
2.1. Fiedler matrices. For k, ℓ ∈ Z, we use the following notation
k : ℓ :=
{
k, k + 1, . . . , ℓ if k ≤ ℓ,
∅ if k > ℓ.
When k ≤ ℓ, (k : ℓ) is called a string of integers from k to ℓ.
Assumption: For the rest of the paper, we assume that P (λ) :=
∑m
i=0 λ
iAi with
Am 6= 0 and the realization G(λ) = P (λ) + C(λE −A)−1B of G(λ) given by (2.1) is
minimal. The system matrix S(λ) associated with G(λ) is given by (2.2).
For an arbitrary matrix X ∈ Cn×n, we define the elementary matrices by [9]
M0(X) :=
[
I(m−1)n
X
]
, Mi(X) :=

I(m−i−1)n
X In
In 0
I(i−1)n
 for i = 1 : m−1,
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M−m(X) :=
[
X
I(m−1)n
]
, M−i(X) :=

I(m−i−1)n
0 In
In X
I(i−1)n
 for i = 1 : m−1.
Note that, for i = 1 : m − 1, Mi(X) and M−i(X) are invertible and (Mi(X))−1 =
M−i(−X) for any arbitrary matrix X ∈ Cn×n. On the other hand, the matri-
ces M0(X) and M−m(X) are invertible if and only if X is invertible. Further,
Mi(X)Mj(Y ) = Mj(Y )Mi(X) holds for any matrices X,Y ∈ Cn×n if ||i| − |j|| > 1,
see [9]. For i ∈ {−m : m− 1}, we define [9]
MPi :=
{
Mi(−Ai) if i ≥ 0,
Mi(A−i) if i < 0.
Then MPi , i ∈ {−m : m− 1}, are the Fiedler matrices of P (λ) (see [16]).
For an arbitrary matrix X ∈ Cn×n, we define (mn + r) × (mn + r) elementary
matrices Mi(X) by
Mi(X) :=
[
Mi(X)
Ir
]
for i ∈ {−m : m− 1}.
Note that Mi(X) and M−i(X) are invertible and (Mi(X))
−1 = M−i(−X) for i =
1 : m − 1. On the other hand, the matrices M0(X) and M−m(X) are invertible
if and only if X is invertible. For any arbitrary matrices X,Y ∈ Cn×n, we have
Mi(X)Mj(Y ) = Mj(Y )Mi(X) if ||i| − |j|| > 1.
The (mn+ r)× (mn+ r) Fiedler matrices MSi , i ∈ {−m : m− 1}, associated with
the system matrix (2.2) are defined by [1, 3]
MS0 :=
[
MP0 −em ⊗ C
−eTm ⊗ B −A
]
, MS−m :=
[
MP−m 0
0 −E
]
, MSi :=
[
MPi 0
0 Ir
]
,
for i = 1 : m − 1, and MS−i := (M
S
i )
−1 for i = 1 : m − 1. The matrices MSi are also
referred to as Fiedler matrices of G(λ). We have MSi M
S
j = M
S
j M
S
i for ||i| − |j|| > 1,
except for ||i| − |j|| = m. For convenience in defining Fiedler-like pencils, we define
MPi :=
[
MPi
Ir
]
for i ∈ {−m : m− 1}. (2.4)
Remark 2.2. Note that MSi = M
P
i , for i = ±1, . . . ,±(m − 1), and M
S
0 6= M
P
0
and MS−m 6= M
P
−m. The utility of the notation M
P
i will be clear when we analyze
Fiedler-like pencils.
2.2. Index tuple. Permutations and sub-permutations are defined as follows.
Definition 2.3. [3] Let N be a finite set. A bijection ω : N → N is called a
permutation of N. τ is said to be a sub-permutation of N if τ is a permutation of a
subset of N.
Definition 2.4. [3] An ordered tuple t := (t1, t2, . . . , tp) is said to be an in-
dex tuple containing indices from Z if ti ∈ Z for i = 1 : p. We define −t :=
(−t1,−t2, . . . ,−tp), rev(t) := (tp, . . . , t2, t1) and t + k := (t1 + k, t2 + k, . . . , tp + k)
for k ∈ Z. For any index tuples t := (t1, . . . , tp) and s := (s1, . . . , sq), we define
t ∪ s := (t, s) = (t1, . . . , tp, s1, . . . , sq).
Next, we define SIP, rsf and csf of an index tuple which will be used extensively.
Definition 2.5. [7, 33] Let σ := (i1, i2, . . . , it) be an index tuple containing
indices from {0, 1, . . . , h} for some non-negative integer h. Then:
5
(a) σ is said to satisfy the Successor Infix Property (SIP) if for every pair of
indices ia, ib ∈ σ with 1 ≤ a < b ≤ t satisfying ia = ib, there exists at least
one index ic = ia + 1 such that a < c < b. Let α be an index tuple containing
indices from {−h,−h+1, . . . ,−1}. Then α is said to satisfy the SIP if α+ h
satisfies the SIP.
(b) σ is said to be in column standard form if
σ = (as : bs, as−1 : bs−1, . . . , a2 : b2, a1 : b1),
with 0 ≤ b1 < · · · < bs−1 < bs ≤ h and 0 ≤ aj ≤ bj, for all j = 1, . . . , s.
We denote the column standard form of σ by csf(σ). Let β be an index tuple
containing indices from {−h,−h+1, . . . ,−1}. Then β is said to be in column
standard form if β + h is in column standard form.
Definition 2.6. [9] Let α and β be two index tuples. Then α is said to be a
subtuple of β if α = β or if α can be obtained from β by deleting some indices in β.
Example 2.7. Let α = (1, 2, 0, 3, 0, 2) be an index tuple. Then (2, 3, 2) is a
subtuple of α but (2, 2, 3) is not a subtuple of α.
We now present the concept of consecutive consecutions and consecutive inver-
sions of an index tuple which we will use extensively in the paper.
Definition 2.8 ([15], Consecutions and inversions). Let α be an index tuple
containing indices from {0 : m}. Suppose that t ∈ α. Then we say that α has
p consecutive consecutions at t if (t, t + 1, . . . , t + p) is a subtuple of α and (t, t +
1, . . . , t + p, t + p + 1) is not a subtuple of α. We denote the number of consecutive
consecutions of α at t by ct(α). Similarly, we say that α has s consecutive inversions
at t if (t + s, . . . , t + 1, t) is a subtuple of α and (t + s + 1, t + s, . . . , t + 1, t) is not
a subtuple of α. We denote the number of consecutive inversions of α at t by it(α).
For any index k ∈ {0 : m}, if k /∈ α, we define ck(α) := −1 and ik(α) := −1.
Example 2.9. Let α := (1, 0, 2, 1, 3, 2, 4, 1, 3, 2, 1) be an index tuple containing
indices from {0 : 6}. Then c0(α) = 3 as (0, 1, 2, 3) is a subtuple of α and (0, 1, 2, 3, 4)
is not a subtuple of α.
Remark 2.10. [15] Let α be a permutation of {0 : m− 1}. We denote the total
number of consecutions and inversions of α by c(α) and i(α), respectively. Note that
c(α) + i(α) = m− 1.
3. Generalized Fiedler pencils with repetition. We now introduce a new
family of Fiedler-like pencils for rational matrices which we refer to as generalized
Fiedler pencils with repetition (GFPRs). We proceed as follows.
Definition 3.1 ([9], Matrix assignments). Let t := (t1, t2, . . . , tk) be an index
tuple containing indices from {−m : m − 1} and X := (X1, X2, . . . , Xk) be a tuple
of n × n matrices. We define Mt(X) := Mt1(X1)Mt2(X2) · · ·Mtk(Xk) and say that
X is a matrix assignment for t. Further, we say that the matrix Xj is assigned to
the position j in t. The matrix assignment X for t is said to be nonsingular if the
matrices assigned by X to the positions in t occupied by the 0 and −m indices are
nonsingular. Further, we define rev(X) := (Xk, . . . , X2, X1).
Let t := (t1, . . . , tk) be an index tuple containing indices from {−m : m− 1} and
X := (X1, . . . , Xk) be a matrix assignment for t. Then we say that X is the trivial
matrix assignment for the index tuple t associated with the matrix polynomial P (λ)
if Mtj (Xj) = M
P
tj
for j = 1 : k. Further, we define MP
t
:= MPt1 · · ·M
P
tk
. Similarly, we
define Mt(X) := Mt1(X1) · · ·Mtk(Xk), M
S
t
:= MSt1 · · ·M
S
tk
, and MP
t
:= MPt1 · · ·M
P
tk
.
Definition 3.2 (GFPR of G(λ)). Let 0 ≤ h ≤ m − 1, and let σ and τ be
permutations of {0 : h} and {−m : −h − 1}, respectively. Let σ1 and σ2 be index
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tuples containing indices from {0 : h− 1} such that (σ1, σ, σ2) satisfies the SIP. Sim-
ilarly, let τ1 and τ2 be index tuples containing indices from {−m : −h− 2} such that
(τ1, τ, τ2) satisfies the SIP. Let X1, X2, Y1 and Y2 be any arbitrary matrix assignments
for σ1, σ2, τ1 and τ2, respectively. Then the pencil
L(λ) := Mτ1(Y1)Mσ1(X1) (λM
S
τ −M
S
σ )Mσ2 (X2)Mτ2(Y2) (3.1)
is said to be a generalized Fiedler pencil with repetition (GFPR) of G(λ). We also
refer to L(λ) as a GFPR of S(λ).
Note that if all the matrix assignments X1, X2, Y1 and Y2 in Definition 3.2 are
the trivial matrix assignments then L(λ) = MPτ1M
P
σ1
(λMSτ −M
S
σ )M
P
σ2
MPτ2 is called a
Fiedler pencil with repetition (FPR) of G(λ) [5, 14]. Hence the family of FPRs of
G(λ) is a subclass of the family of GFPRs of G(λ).
Example 3.3. Let G(λ) :=
∑4
i=0 λ
iAi+C(λE−A)−1B. Consider σ := (1, 2, 3, 0),
τ := (−4), σ2 := (2, 1) and σ1 = τ1 = τ2 = ∅. Then
(
λMS−4 −M
S
(1,2,3,0)
)
M(2,1)(X,Y ) =

λA4 +A3 −X −Y −In 0
A2 λX − In λY λIn 0
A1 λIn A0 0 C
−In 0 λIn 0 0
0 0 B 0 A− λE

is a GFPR of G(λ), where (X,Y ) is an arbitrary matrix assignment for σ2.
Remark 3.4. The pencil L(λ) :=Mτ1(Y1)Mσ1(X1)(λM
P
τ −M
P
σ )Mσ2(X2)Mτ2(Y2)
is called a generalized Fiedler pencil with repetition (GFPR) of P (λ) [9], where σ, τ, σj
and τj, j = 1, 2, are as given in Definition 3.2. In particular, if X1, X2, Y1 and Y2 are
the trivial matrix assignments then L(λ) :=MPτ1M
P
σ1
(λMPτ −M
P
σ )M
P
σ2
MPτ2 is called a
Fiedler pencil with repetition (FPR) of P (λ) [33, 7].
We now show that a GFPR of G(λ) can be constructed directly from a GFPR
of P (λ) without performing any arithmetic operations. For this purpose we need the
following result which is given in [15, Lemma 3.10].
Lemma 3.5. [15] Let L(λ) := M(τ1,σ1)(Y1, X1)(λM
P
τ −M
P
σ ) M(σ2,τ2)(X2, Y2) be
a GFPR of P (λ). Then we have (eT
m−c0(σ)
⊗ In)M(σ2,τ2)(X2, Y2) = e
T
m−c0(σ,σ2)
⊗ In
and M(τ1,σ1)(Y1, X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In.
Theorem 3.6. Let L(λ) := M(τ1,σ1)(Y1, X1) (λM
S
τ −M
S
σ )M(σ2,τ2)(X2, Y2) and
L(λ) :=M(τ1,σ1)(Y1, X1) (λM
P
τ −M
P
σ )M(σ2,τ2)(X2, Y2) be GFPRs of G(λ) and P (λ),
respectively. Then
L(λ) =
[
L(λ) em−i0(σ1,σ) ⊗ C
eT
m−c0(σ,σ2)
⊗B A− λE
]
.
Thus, the map GFPR(P )→ GFPR(G), L(λ) 7→
[
L(λ) em−i0(σ1,σ) ⊗ C
eT
m−c0(σ,σ2)
⊗B A− λE
]
is a bijection, where GFPR(P) and GFPR(G) denote the set of GFPRs of P (λ) and
G(λ), respectively.
Proof. Let σ be given by σ = (δ1, 0, δ2). A straight forward calculation shows that
L(λ) = M(τ1,σ1)(Y1, X1)
(
λ
[
MPτ 0
0 −E
]
−
[
MPδ1M
P
0 M
P
δ2
MPδ1(−em ⊗C)
(−eTm ⊗B)M
P
δ2
−A
])
M(σ2,τ2)(X2, Y2)
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=[
L(λ) M(τ1,σ1)(Y1, X1)M
P
δ1
(em ⊗ C)
(eTm ⊗B)M
P
δ2
M(σ2,τ2)(X2, Y2) A− λE
]
. (3.2)
It is shown in the proof of [14, Theorem 5.12] that MPδ1(em ⊗ In) = em−i0(σ) ⊗
In and (e
T
m ⊗ In)M
P
δ2
= eTm−c0(σ) ⊗ In. Consequently, by Lemma 3.5, we have
(eTm⊗ In)M
P
δ2
M(σ2,τ2)(X2, Y2) = e
T
m−c0(σ,σ2)
⊗ In and M(τ1,σ1)(Y1, X1)M
P
δ1
(em⊗ In) =
em−i0(σ1,σ) ⊗ In. Hence the desired form of L(λ) follows from (3.2).
Remark 3.7. We mention that FPRs and GFPRs of matrix polynomials can be
generated by automatic algorithms without performing any arithmetic operations (see,
Algorithms 1,2,3 and 4, in [12, Pages 49-52]). Thus, in view of Theorem 3.6, GFPRs
of rational matrices can be generated by an operation-free automatic algorithm.
3.1. Fiedler-like pencils are Rosenbrock strong linearizations. We now
show that Fiedler pencils (FPs), generalized Fiedler pencils (GFPs) and GFPRs of
G(λ) are Rosenbrock strong linearizations of G(λ). First, we show that the FPs of
G(λ) introduced in [1] are Rosenbrock strong linearizations of G(λ).
Definition 3.8 ([1], Fiedler pencil). Let σ be a permutation of {0 : m − 1}.
Then Lσ(λ) := λM
S
−m −M
S
σ is called a Fiedler pencil (FP) of G(λ) associated with
σ. The pencil Lσ(λ) is also referred to as a Fiedler pencil of S(λ).
We now define the reverse consecution-inversion structure sequence of a permu-
tation which we need in order to prove that a Fiedler pencil is a Rosenbrock strong
linearization of G(λ).
Definition 3.9. Let α be a permutation of {0 : m − 1}. Then the tuple
RCISS(α) := (c1, i1, c2, i2, . . . , cℓ, iℓ) is called the reverse consecution-inversion struc-
ture sequence of α when α has consecutions at m − c1 − 1,m − c1, . . . ,m − 2; in-
versions at m − c1 − i1 − 1,m − c1 − i1, . . . ,m − c1 − 2 and so on, consecutions at
iℓ, iℓ + 1, . . . , iℓ + cℓ − 1; inversions at 0, 1, . . . , iℓ − 1.
Remark 3.10. It is easy to see that RCISS(α) = rev
(
CISS(rev(α))
)
, where
CISS(α) is the consecution-inversion structure sequence of α defined in [16].
Example 3.11. Let m = 11, and let α and β be permutations of {0 : 10} given
by α = (8 : 10, 7, 6, 5, 2 : 4, 1, 0) and β = (10, 9, 5 : 8, 3 : 4, 2, 0 : 1). Then RCISS(α) =
(2, 4, 2, 2) since α has consecutions at 8, 9; inversions at 4, 5, 6, 7; consecutions at 2, 3;
inversions at 0, 1. Similarly, we have RCISS(β) = (0, 2, 3, 1, 1, 2, 1, 0).
Let α be a permutation of {0 : m− 1} with RCISS(α) = (c1, i1, c2, i2, . . . , cℓ, iℓ).
We define
m0 := 0, n0 := 0, and mp :=
∑p
j=1
cj and np :=
∑p
j=1
ij for p = 1 : ℓ. (3.3)
Observe that mℓ = c(σ) and nℓ = i(σ), that is, mℓ is the total number of conse-
cutions of α and nℓ is the total number of inversions of α. Thus mℓ + nℓ = m − 1.
Further, we define
s0 := 0 and sp :=
∑p
j=1
(cj + ij) for p = 1 : ℓ. (3.4)
Observe that sℓ = mℓ + nℓ = m− 1.
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For i ≥ 0 and j ≥ 0, we define Λ̂i,j(λ), Λi,j(λ), Ω̂i,j(λ), and Ωi,j(λ) as follows:
Λ̂i,j(λ) :=

In
λIn
λ2In
...
λi−1In
0jn×n

∈ C[λ](i+j)n×n, Λi,j(λ) :=

In
λIn
λ2In
...
λi−1In
0jn×n
λiIn

∈ C[λ](i+1+j)n×n, (3.5)
Ω̂i,j(λ) :=

0in×n
In
λIn
λ2In
...
λj−1In

∈ C[λ](i+j)n×n and Ωi,j(λ) :=

0in×n
In
λIn
λ2In
...
λj−1In
λjIn

∈ C[λ](i+j+1)n×n.
(3.6)
Note that Λi,j(λ) =
[
Λ̂i,j(λ)
λiIn
]
and Ωi,j(λ) =
[
Ω̂i,j(λ)
λjIn
]
. Further, Λ0,j(λ) =
[
0jn×n
In
]
and Ωi,0(λ) =
[
0in×n
In
]
.
Let H := (Hij) be a block k × ℓ matrix, where each block Hij is a p× q matrix.
Then the block transpose of H is the block ℓ × k matrix HB given by (HB)ij = Hji,
see [16].
Remark 3.12. It follows from (3.5) and (3.6) that (eTk ⊗ In)Λ̂i,j(λ) = 0 ⇐⇒
Ω̂i,j(λ)
B(ek ⊗ In) 6= 0 for any i ≥ 0, j ≥ 0 and 1 ≤ k ≤ i+ j.
Definition 3.13. Let α be a permutation of {0 : m − 1} with RCISS(α) =
(c1, i1, c2, i2, . . . , cℓ, iℓ). We define Λα(λ) ∈ C[λ]mn×n and Ωα(λ) ∈ C[λ]n×mn as
follows:
Λα(λ) :=

Λ̂c1,i1(λ)
λm1 Λ̂c2,i2(λ)
...
λmℓ−2Λ̂cℓ−1,iℓ−1(λ)
λmℓ−1Λcℓ,iℓ(λ)
 if ℓ > 1, (3.7)
and Λα(λ) := Λc1,i1(λ) if ℓ = 1,
Ωα(λ) :=

Ω̂c1,i1(λ)
λn1Ω̂c2,i2(λ)
...
λnℓ−2Ω̂cℓ−1,iℓ−1(λ)
λnℓ−1Ωcℓ,iℓ(λ)

B
if ℓ > 1, (3.8)
and Ωα(λ) :=
(
Ωc1,i1(λ)
)B
if ℓ = 1.
Remark 3.14. Let α be a permutation of {0 : m − 1} with RCISS(α) =
(c1, i1, . . . , cℓ, iℓ). Since Λ̂cj,ij (λ) and Ω̂cj ,ij (λ) are the basic building blocks of Λα(λ)
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and Ωα(λ), respectively, it follows from Remark 3.12 that (e
T
k ⊗ In)Λα(λ) = 0 ⇐⇒
Ωα(λ)(ek⊗In) 6= 0 for any k ∈ {1 : m−1}. Further, note that (eTm⊗In)Λα(λ) = λ
mℓIn
and Ωα(λ)(em ⊗ In) = λnℓIn.
Definition 3.15 ([16], Horner shift). Let P (λ) =
∑m
i=0 λ
iAi. For k = 0 : m,
the matrix polynomial Pk(λ) := Am−k + λAm−k+1 + · · ·+ λ
kAm is called the Horner
shift of P (λ) of degree k.
For 1 ≤ i ≤ m − 1, we consider the following mn × mn unimodular matrix
polynomials [16]
Qi(λ) :=

I(i−1)n
In λIn
0n In
I(m−i−1)n

and
Ri(λ) :=

I(i−1)n
0n In
In Pi(λ)
I(m−i−1)n
 = RBi (λ).
Observe that Ri(λ) depends on the Horner shifts of P (λ) whereas Qi(λ) does not.
For simplicity, we write Qi and Ri for Qi(λ) and Ri(λ), respectively.
We need the following results in order to prove that Fiedler pencils are Rosenbrock
strong linearizations of G(λ).
Lemma 3.16. Let P (λ) be a matrix polynomial of degree m and α be a permuta-
tion of {0 : m− 1}. Suppose that RCISS(α) = (c1, i1, c2, i2, . . . , cℓ, iℓ). For j = 1 : ℓ,
set
U(cj,ij) := R
B
sj−1+cj+ij · · ·R
B
sj−1+cj+1Q
B
sj−1+cj · · ·Q
B
sj−1+1 (3.9)
and V(cj ,ij) := Rsj−1+1 · · ·Rsj−1+cjQsj−1+cj+1 · · ·Qsj−1+cj+ij . (3.10)
Let U(λ) and V (λ) be given by U(λ) := U(cℓ,iℓ)U(cℓ−1,iℓ−1) · · ·U(c2,i2)U(c1,i1) and
V (λ) := V(c1,i1)V(c2,i2) · · ·V(cℓ−1,iℓ−1)V(cℓ,iℓ). Then
U(λ)(e1 ⊗ In) = Λα(λ) and (e
T
1 ⊗ In)V (λ) = Ωα(λ),
where Λα(λ) and Ωα(λ) are as given in Definition 3.13.
We prove Lemma 3.16 in Appendix A.
Proposition 3.17. Let X(λ) := [x1 x2 · · · xm]B and Y (λ) := [y1 y2 · · · ym],
where xi = 0 or xi = λ
piIn, and yi = 0 or yi = λ
qiIn, for some pi ≥ 0 and qi ≥ 0,
i = 1 : m. Suppose that xiyi = 0 for i = 1 : m− 1. Then there exist an m×m lower
block-triangular matrix polynomial L(λ) with diagonal blocks In and an m×m upper
block-triangular matrix polynomial U(λ) with diagonal blocks In such that
L(λ)
( [ I(m−1)n 0
0 0
]
+X(λ)Y (λ)
)
U(λ) =
[
I(m−1)n 0
0 xmym
]
. (3.11)
We prove Proposition 3.17 in Appendix B. As an immediate corollary we have
the following result.
Corollary 3.18. Let α be a permutation of {0 : m − 1} with RCISS(α) =
(c1, i1, c2, i2, . . . , cℓ, iℓ). Consider Λα(λ) and Ωα(λ) associated with RCISS(α) as given
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in Definition 3.13. Then there exist an m×m lower block-triangular matrix polynomial
T1(λ) with diagonal blocks In and an m×m upper block-triangular matrix polynomial
T2(λ) with diagonal blocks In such that
T1(λ)
( [I(m−1)n 0
0 0
]
+ Λα(λ) Ωα(λ)
)
T2(λ) =
[
I(m−1)n 0
0 λm−1In
]
.
Proof. Note that we have (eTm⊗ In) Λα(λ) = λ
mℓIn and Ωα(λ) (em⊗ In) = λnℓIn
and that mℓ + nℓ = m− 1. By Remark 3.14, it follows that Λα(λ) and Ωα(λ) satisfy
the conditions of Proposition 3.17. Hence the result follows from Proposition 3.17.
We now prove that Fiedler pencils are Rosenbrock strong linearizations of G(λ).
For any index tuples α and β containing indices from {0 : m− 1}, we write α ∼ β if
MSα = M
S
β . Let σ be a permutation of {0 : m − 1} with c0(σ) > 0. Since M
S
i M
S
j =
MSj M
S
i for |i− j| > 1, i, j ∈ {0 : m− 1}, we have σ ∼ (σ
L, 0, 1, . . . , c0(σ)), where σ
L
is a sub-permutation of {0 : m− 1} \ {0, 1, . . . , c0(σ)}. Similarly, if σ is a permutation
of {0 : m − 1} with i0(σ) > 0 then σ ∼ (i0(σ), . . . , 1, 0, σR), where σR is a sub-
permutation of {0 : m − 1} \ {0, 1, . . . , i0(σ)}. The reversal of a matrix polynomial
P (λ) :=
∑m
j=0 λ
jAj is defined by revP (λ) :=
∑m
j=0 λ
jAm−j .
Theorem 3.19. Let Lσ(λ) := λM
S
−m −M
S
σ be the Fiedler pencil of G(λ) as-
sociated with a permutation σ of {0 : m − 1}. Then Lσ(λ) is a Rosenbrock strong
linearization of G(λ). More precisely, we have the following.
(a) There exist mn × mn unimodular matrix polynomials U(λ) and V (λ), and
r × r nonsingular matrices U0 and V0 such that[
U(λ) 0
0 U0
]
Lσ(λ)
[
V (λ) 0
0 V0
]
=
[
I(m−1)n 0
0 S(λ)
]
for all λ ∈ C.
(b) There exist biproper rational matrices Oℓ(λ) and Or(λ) such that
Oℓ(λ)λ
−1G(λ)Or(λ) =
[
I(m−1)n 0
0 λ−mG(λ)
]
, (3.12)
where G(λ) = Lσ(λ)+(em−i0(σ)⊗C)(λE−A)
−1(eTm−c0(σ)⊗B) is the transfer function
of Lσ(λ) and Lσ(λ) := λM
P
−m −M
P
σ is the Fiedler pencil of P (λ) associated with σ.
Proof. Part (a) is proved in [1, Theorem 4.13]. Hence we only prove (b).
By Theorem 3.6, we have Lσ(λ) =
[
Lσ(λ) em−i0(σ) ⊗ C
eT
m−c0(σ)
⊗B A− λE
]
. Hence G(λ)
is the transfer function of Lσ(λ). Let σ be given by σ = (δ1, 0, δ2). Then we have
Lσ(λ) = λM
P
−m − M
P
σ = λM
P
−m − M
P
δ1
MP0 M
P
δ2
. It is shown in the proof of [16,
Theorem 4.6] that −revLσ(λ) is strictly equivalent to −revP (λ). More precisely,
J(MPδ1)
−1
(
− revLσ(λ)
)
(MPδ2)
−1J =: Lα(λ) is a Fiedler pencil of −revP (λ), where
α =
(
m− rev(δ1), 0,m− rev(δ2)
)
and J :=
 In· · ·
In
 ∈ Cmn×mn. Hence Lα(λ)
is a linearization of −revP (λ). Thus there exist unimodular matrix polynomials Û(λ)
and V̂ (λ) such that
Û(λ)Lα(λ) V̂ (λ) =
[
−I(m−1)n 0
0 −revP (λ)
]
,
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where Û(λ) and V̂ (λ) are given by [16]
Û(λ) := U0U1 · · ·Um−3Um−2, with Uj =
{
QBm−1−j if α has a consecution at j,
RBm−1−j if α has an inversion at j,
(3.13)
V̂ (λ) := Vm−2Vm−3 · · ·V1V0, with Vj =
{
Rm−1−j if α has a consecution at j,
Qm−1−j if α has an inversion at j.
(3.14)
Note thatR’is in (3.13) and (3.14) are associated with the matrix polynomial−revP (λ).
Thus we have[
−I(m−1)n 0
0 −revP (λ)
]
= Û(λ)Lα(λ)V̂ (λ) = Û(λ)J(M
P
δ1
)−1
(
− revLσ(λ)
)
(MPδ2)
−1JV̂ (λ)
⇒
[
I(m−1)n 0
0 λ−mP (λ)
]
= Û(1/λ) J(MPδ1 )
−1
(
λ−1Lσ(λ)
)
(MPδ2)
−1J V̂ (1/λ). (3.15)
Next we evaluate
Û(λ)J(MPδ1 )
−1(em−i0(σ) ⊗ In) and (e
T
m−c0(σ)
⊗ In)(M
P
δ2
)−1JV̂ (λ). (3.16)
Recall that MP−t =

I(m−t−1)n
0 In
In At
I(t−1)n
 for t = 1 : m− 1. Hence we have
(eTm−q ⊗ In)M
P
−t =
{
eTm−(q−1) ⊗ In for t = q and q = 1 : m− 1,
eTm−q ⊗ In for t /∈ {q, q + 1}, q = 0 : m− 1,
(3.17)
and
MP−t(em−q ⊗ In) =
{
em−(q−1) ⊗ In for t = q and q = 1 : m− 1,
em−q ⊗ In for t /∈ {q, q + 1}, q = 0 : m− 1.
(3.18)
Case-I: Suppose that c0(σ) > 0. Then i0(σ) = 0. Since σ has c0(σ) consecutions
at 0, we have σ ∼ (σL, 0, 1, 2, . . . , c0(σ)). Without loss of generality, we assume that
σ = (δ1, 0, δ2) = (δ1, 0, 1, 2, . . . , c0(σ)), that is, δ2 = (1, 2, . . . , c0(σ)). Then by repeated
application of (3.17) we have
(eTm−c0(σ)⊗In)(M
P
δ2
)−1 = (eTm−c0(σ)⊗In)M
P
−c0(σ)
MP−(c0(σ)−1) · · ·M
P
−2M
P
−1 = e
T
m⊗In.
Hence (eT
m−c0(σ)
⊗ In)(MPδ2)
−1J = (eTm ⊗ In)J = e
T
1 ⊗ In.
Further, since i0(σ) = 0 and 0, 1 /∈ δ1, by (3.18) we have (M
P
δ1
)−1(em−i0(σ)⊗In) =
(MPδ1)
−1(em⊗ In) = em⊗ In. Hence J(M
P
δ1
)−1(em−i0(σ)⊗ In) = J(em⊗ In) = e1⊗ In.
Case-II: Suppose that i0(σ) > 0. Then c0(σ) = 0. Since σ has i0(σ) inversions
at 0, we have σ ∼ (i0(σ), . . . , 2, 1, 0, σR). Without loss of generality, we assume that
σ = (δ1, 0, δ2) = (i0(σ), . . . , 2, 1, 0, δ2), that is, δ1 = (i0(σ), . . . , 2, 1). Then by repeated
application of (3.18) we have
(MPδ1)
−1(em−i0(σ)⊗ In) =M
P
−1M
P
−2 · · ·M
P
−(i0(σ)−1)
MP−i0(σ)(em−i0(σ)⊗ In) = em⊗ In.
Hence we have J(MPδ1)
−1(em−i0(σ) ⊗ In) = J(em ⊗ In) = e1 ⊗ In.
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Further, since c0(σ) = 0 and 0, 1 /∈ δ2, by (3.17) we have (eTm−c0(σ)⊗In)(M
P
δ2
)−1 =
(eTm⊗In)(M
P
δ2
)−1 = eTm⊗In. Hence (e
T
m−c0(σ)
⊗In)(MPδ2)
−1J = (eTm⊗In)J = e
T
1 ⊗In.
Thus in both the cases, we have
Û(λ)J(MPδ1)
−1(em−i0(σ) ⊗ In) = Û(λ)(e1 ⊗ In)
(eT
m−c0(σ)
⊗ In)(MPδ2)
−1JV̂ (λ) = (eT1 ⊗ In)V̂ (λ).
(3.19)
Next, we calculate Û(λ)(e1⊗In) and (eT1 ⊗In)V̂ (λ). Note that α is a permutation
of {0 : m− 1}. Let RCISS(α) be given by RCISS(α) = (c1, i1, c2, i2, . . . , cℓ, iℓ). Recall
from (3.3) and (3.4) the definitions of mj , nj and sj , for j = 0 : ℓ, associated with
RCISS(α). By (3.13) and (3.14), we have
Û(λ) = Û(cℓ,iℓ)Û(cℓ−1,iℓ−1) · · · Û(c2,i2)Û(c1,i1) and
V̂ (λ) = V̂(c1,i1)V̂(c2,i2) · · · V̂(cℓ−1,iℓ−1)V̂(cℓ,iℓ),
where Û(cj,ij) = R
B
sj−1+cj+ij · · ·R
B
sj−1+cj+1Q
B
sj−1+cj · · ·Q
B
sj−1+1 and
V̂(cj ,ij) = Rsj−1+1 · · ·Rsj−1+cjQsj−1+cj+1 · · ·Qsj−1+cj+ij .
Hence by Lemma 3.16, we have Û(λ)(e1 ⊗ In) = Λα(λ) and (e
T
1 ⊗ In)V̂ (λ) = Ωα(λ),
where Λα(λ) and Ωα(λ) are as given in Definition 3.13. Now by (3.19) we have
Û(λ)J(MPδ1 )
−1(em−i0(σ) ⊗ In) = Λα(λ) and (e
T
m−c0(σ)
⊗ In)(M
P
δ2
)−1JV̂ (λ) = Ωα(λ).
(3.20)
Define Ôℓ(λ) := Û(1/λ)J(M
P
δ1
)−1 and Ôr(λ) := (M
P
δ2
)−1JV̂ (1/λ). Since Û(λ)
and V̂ (λ) are unimodular, Û(1/λ) and V̂ (1/λ) are biproper. Hence it follows that
Ôℓ(λ) and Ôr(λ) are biproper matrices. Set Gsp(λ) := C(λE−A)−1B. Then we have
Ôℓ(λ)λ
−1G(λ)Ôr(λ)
= Ôℓ(λ)λ
−1Lσ(λ)Ôr(λ) + Ôℓ(λ)
(
(em−i0(σ) ⊗ In)λ
−1Gsp(λ)(e
T
m−c0(σ)
⊗ In)
)
Ôr(λ)
=
[
I(m−1)n 0
0 λ−mP (λ)
]
+ Λα(1/λ) λ
−1Gsp(λ) Ωα(1/λ)
=
[
0(m−1)n 0
0 λ−mP (λ)
]
+
[
I(m−1)n 0
0 0
]
+ Λα(1/λ) λ
−1Gsp(λ) Ωα(1/λ)︸ ︷︷ ︸
W (λ)
, (3.21)
where the second equality holds by (3.15) and (3.20).
Let T1(λ) and T2(λ) be the matrix polynomials given in Corollary 3.18. Since
T1(λ) and T2(λ) are block upper triangular with diagonal blocks In, T1(1/λ) and
T2(1/λ) are biproper rational matrices. Let T̂j(1/λ), j = 1, 2, denote the matrix
obtained by multiplying each off diagonal block of Tj(1/λ) by −λ−1Gsp(λ). Then
obviously T̂j(1/λ) is biproper for j = 1, 2. Now by Corollary 3.18 we have
T̂1(1/λ)W (λ) T̂2(1/λ) =
[
I(m−1)n 0
0 λ−(m−1)λ−1Gsp(λ)
]
=
[
I(m−1)n 0
0 λ−mGsp(λ)
]
.
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(3.22)
Hence by defining Oℓ(λ) := T̂1(1/λ)Ôℓ(λ) and Or(λ) := Ôr(λ)T̂2(1/λ), the equality
in (3.12) follows from (3.21) and (3.22). This completes the proof of (b).
Next, we show that GFPRs of G(λ) are Rosenbrock strong linearizations of G(λ).
We need the following result.
Proposition 3.20. Let T(λ) := λMS−m − M
S
α be the Fiedler pencil of G(λ)
associated with a permutation α of {0 : m − 1}. Let L(λ) be a pencil given by
L(λ) := diag(X , X0)T(λ) diag(Y, Y0), where X ,Y ∈ Cmn×mn and X0, Y0 ∈ Cr×r
are nonsingular matrices. Then L(λ) is a Rosenbrock strong linearization of G(λ).
Proof. Since T(λ) is a Fiedler pencil of G(λ), by Theorem 3.19, T(λ) is a Rosen-
brock strong linearization of G(λ). Hence there exist mn ×mn unimodular matrix
polynomials U(λ) and V (λ), and r × r nonsingular matrices U0 and V0 such that
diag
(
I(m−1)n, S(λ)
)
= diag
(
U(λ), U0
)
T(λ) diag
(
V (λ), V0
)
= diag
(
U(λ)X−1, U0X
−1
0
)
L(λ) diag
(
Y−1V (λ), Y −10 V0
)
.
(3.23)
By Theorem 3.6, we have T(λ) =
[
L(λ) em−i0(α) ⊗ C
eT
m−c0(α)
⊗B A− λE
]
, where L(λ) =
λMP−m −M
P
α is the Fiedler pencil of P (λ) associated with α. Then
L(λ) =
[
XL(λ)Y X (em−i0(α) ⊗ C)Y0
X0(e
T
m−c0(α)
⊗B)Y X0(A− λE)Y0
]
and GL(λ) := XL(λ)Y +X (em−i0(α) ⊗C)(λE −A)
−1(eT
m−c0(α)
⊗B)Y is the transfer
function of L(λ). Since T(λ) is a Rosenbrock strong linearization of G(λ), there exist
biproper rational matrices Oℓ(λ) and Or(λ) such that
Oℓ(λ)λ
−1GT(λ)Or(λ) =
[
I(m−1)n 0
0 λ−mG(λ)
]
, (3.24)
where GT(λ) = L(λ)+(em−i0(α)⊗C)(λE−A)
−1(eT
m−c0(α)
⊗B) is the transfer function
of T(λ). Since X−1GL(λ)Y−1 = GT(λ), it follows from (3.24) that
Oℓ(λ)X
−1λ−1GL(λ)Y
−1Or(λ) =
[
I(m−1)n 0
0 λ−mG(λ)
]
. (3.25)
Note that Oℓ(λ)X−1 and Y−1Or(λ) are biproper rational matrices. Hence it follows
from (3.23) and (3.25) that L(λ) is a Rosenbrock strong linearization of G(λ).
Now we prove that the GFPRs of G(λ) are Rosenbrock strong linearizations.
Theorem 3.21. Let L(λ) := Mτ1(Y1)Mσ1 (X1)(λM
S
τ −M
S
σ )Mσ2 (X2)Mτ2(Y2) be
a GFPR of G(λ) as given in Definition 3.2, where all the matrix assignments Xj
and Yj, j = 1, 2, are nonsingular. Then L(λ) is a Rosenbrock strong linearization of
G(λ).
Proof. Let τ be given by τ = (β,−m, γ). Define α := (−rev(β), σ,−rev(γ))
and T(λ) := λMS−m −M
S
α. Then T(λ) is a Fiedler pencil of G(λ) associated with
the permutation α of {0 : m − 1}. It is easily seen that L(λ) = AT(λ)B, where
A = M(τ1,σ1)(Y1, X1)M
S
β =
[
M(τ1,σ1)(Y1, X1)M
P
β
Ir
]
and B = MSγM(σ2,τ2)(X2, Y2) =
14
[
MPγ M(σ2,τ2)(X2, Y2)
Ir
]
. Since Xj and Yj , j = 1, 2, are nonsingular matrix assign-
ments, the matrices M(τ1,σ1)(Y1, X1) and M(σ2,τ2)(X2, Y2) are nonsingular. Hence by
Proposition 3.20, L(λ) is a Rosenbrock strong linearization of G(λ).
Finally, we show that the GFPs of G(λ) are also Rosenbrock strong linearizations.
Definition 3.22 ([3], GFP). Let ω := (ω0, ω1) be a permutation of {0 : m}. Then
the pencil Tω(λ) := λM
S
−ω1 −M
S
ω0
is said to be a generalized Fiedler pencil (GFP) of
G(λ) associated with the permutation ω.
Theorem 3.23. Let Tω(λ) := λM
S
−ω1 −M
S
ω0
be a GFP of G(λ), where 0 ∈ ω0.
Then Tω(λ) is a Rosenbrock strong linearization of G(λ).
Proof. It is shown in [3, Theorem 2.13] that Tω(λ) = diag(X , X0) F(λ) diag(Y, Y0)
for some nonsingular matrices X ,Y ∈ Cmn×mn and X0, Y0 ∈ Cr×r, where F(λ) is a
Fiedler pencil of G(λ). Hence by Proposition 3.20, T(λ) is a Rosenbrock strong lin-
earization of G(λ).
4. Structure-preserving strong linearizations. This section is devoted to the
construction of structure-preserving strong linearizations of structured rational matri-
ces. We consider only symmetric, skew-symmetric, Hamiltonian and skew-Hamiltonian
rational matrices and construct their structure-preserving strong linearizations. The
construction of structure-preserving strong linearizations of Hermitian, skew-Hermitian,
para-Hermitian and para-skew-Hermitian rational matrices is similar. We show that
the family of GFPRs of G(λ) is a rich source of structure-preserving strong lineariza-
tions of G(λ). Recall that G(λ) = P (λ) + Gsp(λ), where P (λ) :=
∑m
j=0 Ajλ
j with
Am 6= 0 and Gsp(λ) is strictly proper, that is, Gsp(λ)→ 0 as λ→∞.
4.1. Symmetric GFPRs. Suppose that G(λ) is symmetric, that is, G(λ)T =
G(λ). Since G(λ) = P (λ) + Gsp(λ), it follows that both P (λ) and Gsp(λ) are sym-
metric. As Gsp(λ) is strictly proper and symmetric, there exists a minimal symmetric
realization of G(λ) given by Gsp(λ) = B
T (λIr − A)−1B, where A is a symmetric
matrix [20, 21, 22]. Hence G(λ) = P (λ) + BT (λIr − A)−1B is a minimal symmetric
realization of G(λ). The system matrix S(λ) :=
[
P (λ) BT
B A− λIr
]
is then symmetric
and irreducible. Also, there exists a minimal symmetric realization of G(λ) of the
form G(λ) = P (λ) + BT (λE − A)−1B, where A and E are symmetric matrices with
E being nonsingular [17]. The system matrix
S(λ) :=
[
P (λ) BT
B A− λE
]
(4.1)
is obviously symmetric and irreducible.
A block matrix H is said to be block-symmetric provided that HB = H, see [16].
The block-transpose of a system matrix is defined as follows.
Definition 4.1. [3, 5] Let A :=
[
A u⊗X
vT ⊗ Y Z
]
∈ C(mn+r)×(mn+r), where
A = [Aij ] is an m×m block matrix with Aij ∈ C
n×n, u, v ∈ Cm, X ∈ Cn×r, Y ∈ Cr×n
and Z ∈ Cr×r. Define the block transpose of A by AB :=
[
AB v ⊗X
uT ⊗ Y Z
]
.
Observe that A is block-symmetric if and only if A is block-symmetric and u = v.
Definition 4.2. [9] (a) Let h ≥ 0 be an integer. We say that w is an admissible
tuple of {0 : h} if w is a permutation of {0 : h} and
csf(w) =
(
h− 1 : h, h− 3 : h− 2, . . . , p+ 1 : p+ 2, 0 : p
)
(4.2)
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for some 0 ≤ p ≤ h. We call p the index of w and denote it by Ind(w).
(b) Let h ≥ 0 be an integer and let w be an admissible tuple of {0 : h} with index
p. Then the symmetric complement of w, denoted by cw, is defined by
cw :=

(
h− 1, h− 3, . . . , p+ 3, p+ 1, (0 : p)revc
)
if p ≥ 1,
(h− 1, h− 3, . . . , 1) if p = 0 and h > 0,
∅ if h = 0,
where (0 : p)revc := (0 : p− 1, 0 : p− 2, . . . , 0 : 1, 0).
For simplicity, we always consider an admissible tuple of the form (4.2). Clearly, for
an integer h ≥ 0, there exists a unique admissible tuple of {0 : h} with index 0 or 1
(see [9]).
Definition 4.3. An admissible tuple w of {0 : h}, h ≥ 0, is said to be the simple
admissible tuple if Ind(w) = 0 or Ind(w) = 1.
Note that for the simple admissible tuple w of {0 : h}, we have Ind(w) = 0 (resp.,
Ind(w) = 1) if h is even (resp., odd).
Remark 4.4. Let v be an admissible tuple of {0 : k}, k ≥ 0, and let cv be the
symmetric complement of v. Then it follows from Definition 4.2 that 0 ∈ cv if and
only if Ind(v) ≥ 1. In particular, for the simple admissible tuple w of {0 : h}, we
have 0 ∈ cw (resp., 0 /∈ cw) if h is odd (resp., even), where cw is the symmetric
complement of w.
Definition 4.5. [9] Given h ≥ 0, we say that an index tuple t is in canonical
form for h if t is of the form(
a1 : h− 2, a2 : h− 4, . . . , a⌊h
2
⌋ : h− 2⌊
h
2 ⌋
)
with ai ≥ 0, i = 1 : ⌊
h
2 ⌋, where ⌊·⌋ stands for the greatest integer function.
Note that an index tuple in canonical form for h is necessarily empty for h = 0, 1.
The following result characterizes all symmetric GFPRs of a matrix polynomial.
Theorem 4.6 ([9], Theorem 6.11). Let 0 ≤ h < m. Let wh and vh +m be the
simple admissible tuples of {0 : h} and {0 : m − h − 1}, respectively. Let twh and
tvh +m be index tuples in canonical form for h and m − h − 1, respectively. Let X
and Y be nonsingular matrix assignments for twh and tvh , respectively. Then
L(λ) :=M(tvh ,twh)(Y,X )(λM
P
vh
−MPwh)M
P
(cwh ,cvh)
M(rev(twh),rev(tvh))(rev(X ), rev(Y)),
(4.3)
is a block symmetric GFPR of P (λ), where cwh and cvh + m are the symmetric
complements of wh and vh +m, respectively. Moreover, any block symmetric GFPR
of P (λ) is of the form (4.3). Furthermore, if all the matrices in the matrix assignments
X and Y are symmetric, then L(λ) is symmetric when P (λ) is symmetric.
The pencil in (4.3) is denoted by LP (h, twh , tvh ,X ,Y) and is uniquely determined
by h, twh , tvh , X and Y, see [9].
Definition 4.7. Let h,wh, cwh , twh , vh, cvh , tvh , X and Y be as given in Theo-
rem 4.6. Then we define
L(λ) := M(tvh ,twh)(Y,X )(λM
S
vh
−MSwh)M
P
(cwh ,cvh )
M(rev(twh),rev(tvh))
(rev(X ), rev(Y)).
(4.4)
The pencil L(λ) in (4.4) is uniquely determined by h, twh , tvh , X and Y. We denote
L(λ) by LS(h, twh , tvh ,X ,Y).
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The following result characterizes all block-symmetric GFPRs of G(λ).
Theorem 4.8. Let S(λ) be given in (2.2). Let 0 ≤ h ≤ m− 1 be even. Consider
the GFPR L(λ) := LS(h, twh , tvh ,X ,Y) associated with S(λ). Then
L(λ) =
[
LP (h, twh , tvh ,X ,Y) em−i0(twh ,wh) ⊗ C
eT
m−c0(wh,cwh ,rev(twh ))
⊗B A− λE
]
. (4.5)
Further, we have the following:
(a) L(λ) is a block symmetric GFPR of S(λ). Further, any block symmetric
GFPR of S(λ) must be of the form LS(h, twh , tvh ,X ,Y) for some even 0 ≤ h ≤ m−1.
(b) If m is odd then L(λ) is a Rosenbrock strong linearization of S(λ). If m is even
then L(λ) is a Rosenbrock strong linearization of S(λ) when the leading coefficient of
P (λ) is nonsingular.
Proof. By substituting σ = wh, σ1 = twh , σ2 = (cwh , rev(twh)), τ = vh, τ1 = tvh
and τ2 = (cvh , rev(tvh)) in Theorem 3.6, we obtain (4.5).
By Theorem 4.6, LP (h, twh , tvh ,X ,Y) is a block symmetric pencil. Hence it
follows that L(λ) is block symmetric if and only if c0(wh, cwh , rev(twh)) = i0(twh ,wh).
Next, we show that c0(wh, cwh , rev(twh)) = i0(twh ,wh).
Case-I: Suppose that h = 0. Then wh = (0) and cwh = ∅ = twh . Hence
i0(twh ,wh) = 0 = c0(wh, cwh , rev(twh)).
Case-II: Suppose that h > 0. Since h is even and wh is the simple admissible
tuple of {0 : h}, we have wh = (h − 1 : h, h − 3 : h − 2, . . . , 1 : 2, 0) and cwh = (h −
1, h − 3, . . . , 3, 1). Thus c0(wh, cwh , rev(twh)) = 2 + c2(rev(twh)) and i0(twh ,wh) =
2 + i2(twh). (Recall that for any index tuple β and for any index t, if t /∈ β then
ct(β) = −1 = it(β)). Hence L(λ) is block-symmetric since it(β) = ct(rev(β)) for any
index tuple β and any index t. This proves the first part of (a).
Next we prove that, if h is odd, then c0(wh, cwh , rev(twh)) 6= i0(twh ,wh). Then
it follows from (4.5) that L(λ) is not a block symmetric GFPR of S(λ). This will
prove the second part of (a).
Let h ≥ 0 be odd. If h = 1 then wh = (0, 1), cwh = (0) and twh = ∅. Thus
c0(wh, cwh , rev(twh)) = 1 and i0(twh ,wh) = 0. Hence L(λ) is not block symmetric.
Next, suppose that h > 1. Then wh = (h − 1 : h, h − 3 : h − 2, . . . , 2 : 3, 0 : 1)
and cwh = (h − 1, h− 3, . . . , 2, 0). Thus c0(wh, cwh , rev(twh)) = 3 + c3(rev(twh)) =
3 + i3(twh) and i0(twh ,wh) = 1 + i1(twh). We show that 3 + i3(twh) 6= 1 + i1(twh).
Let i1(twh) = p. If p = −1 or p = 0 then 1+ i1(twh) < 2 ≤ 3+ i3(twh) and hence the
desired result follows. Suppose that p ≥ 1. Note that twh is in canonical form for h
(h > 1 is odd), i.e.,
twh =
(
a1 : h− 2, a2 : h− 4, . . . , ah−1
2
−1 : 3, ah−1
2
: 1
)
. (4.6)
We call (aj : h−2j), j = 1, 2, . . . ,
h−1
2 , as the strings of twh and h−2j as the right end
point of the string (aj : h− 2j). Since i1(twh) = p, (p+ 1, p, . . . , 3, 2, 1) is a subtuple
of twh and (p+2, p+1, p, . . . , 2, 1) is not a subtuple of twh . It is clear from (4.6) that
each index of the subtuple (p+ 1, p, . . . , 2, 1) of twh belongs to distinct string of twh .
By collecting all those strings we have a subtuple(
(p+ 1 : bp+1), (p : bp), . . . , (3 : b3), (2 : b2), (1 : b1)
)
of twh , where bj ’s are the right end points of the collected strings. Hence bj ∈
{1, 3, 5, . . . , h− 4, h− 2} for j = 1 : p+ 1 is such that bp+1 > bp > · · · > b3 > b2 > b1.
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This implies that b2 ≥ 3 and hence 3 ∈ (2 : b2), b3 ≥ 5 and hence 4 ∈ (3 : b3), and so
on p+ 1 ∈ (p : bp) and p+ 2 ∈ (p+ 1 : bp+2). Consequently, (p+ 2, p+ 1, . . . , 4, 3) is
a subtuple of twh and i3(twh) ≥ p− 1. So 3 + i3(twh) ≥ p+ 2 > p+ 1 = 1 + i1(twh).
Hence c0(wh, cwh , rev(twh)) 6= i0(twh ,wh) and L(λ) is not a block symmetric GFPR
of S(λ). This completes the proof of the second part of (a).
(b) Since h is even, by Remark 4.4 we have 0 /∈ cwh . This implies that the matrix
assignment for cwh is nonsingular. Further, it is given that X and Y are nonsingular
matrix assignments for twh and tvh , respectively. Consequently, by taking σ :=
wh, τ := vh, σ1 := twh , σ2 := (cwh , rev(twh)), τ1 := tvh and τ2 := (cvh , rev(tvh)), it
follows from Theorem 3.21 that L(λ) is a Rosenbrock strong linearization of S(λ) if
the matrix assignment for cvh is nonsingular. Suppose thatm is odd. Thenm−h−1 is
even (since h is even) and by Remark 4.4, it follows that 0 /∈ cvh +m =⇒ −m /∈ cvh .
Hence the matrix assignment for cvh is nonsingular. On the other hand, if the leading
coefficient of P (λ) is nonsingular then the matrix assignment for cvh is nonsingular
irrespective of m being even or odd. Hence L(λ) is a block symmetric Rosenbrock
strong linearization of S(λ).
Corollary 4.9. Let G(λ) be symmetric and S(λ) be given in (4.1). Let 0 ≤
h ≤ m− 1 be even. Consider the GFPR
L(λ) := LS(h, twh , tvh ,X ,Y) =
[
LP (h, twh , tvh ,X ,Y) em−α ⊗B
T
eTm−α ⊗B A− λE
]
associated with S(λ), where α := i0(twh ,wh), X and Y are nonsingular matrix assign-
ments and all the matrices in X and Y are symmetric. If m is odd then L(λ) is a sym-
metric Rosenbrock strong linearization of G(λ). If m is even then L(λ) is a symmetric
Rosenbrock strong linearization of G(λ) when the leading coefficient of P (λ) is nonsin-
gular. Also the transfer function G(λ) := L(λ)+ (em−α⊗BT )(λE−A)−1(eTm−α⊗B)
of L(λ) is symmetric, where L(λ) := LP (h, twh , tvh ,X ,Y).
Proof. By considering C = BT it follows from the proof of Theorem 4.8 that
L(λ) =
[
LP (h, twh , tvh ,X ,Y) em−α ⊗B
T
eTm−α ⊗B A− λE
]
(4.7)
is a block symmetric Rosenbrock strong linearization of S(λ), where α := i0(twh ,wh).
Since P (λ) is symmetric and all the matrices in the matrix assignments X and Y
are symmetric, by Theorem 4.6, we have LP (h, twh , tvh ,X ,Y) is symmetric. Further,
since A and E are symmetric, it follows from (4.7) that L(λ) and G(λ) are symmetric.
Example 4.10. Let G(λ) =
∑5
i=0 λ
iAi + B
T (λE − A)−1B be symmetric. Con-
sider h = 2, twh = (0) and tvh = (−5). Let X and Y be any arbitrary nonsingular
symmetric matrices. Then the GFPR
LS(h, twh , tvh ,X ,Y) =

0 −Y λY 0 0 0
−Y λA5 −A4 λA4 0 0 0
λY λA4 λA3 +A2 A1 −X 0
0 0 A1 −λA1 +A0 λX BT
0 0 −X λX 0 0
0 0 0 B 0 A− λE

is a symmetric Rosenbrock strong linearization of S(λ). Note that LS(h, twh , tvh ,X ,Y)
is a block penta-diagonal pencil.
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Next, let G(λ) :=
∑6
i=0 λ
iAi + B
T (λE − A)−1B be symmetric. Consider h = 0,
twh = ∅ and tvh = (−6 : −3,−6 : −5). Then the GFPR LS(h, twh , tvh ,X ,Y)
=

0 0 0 0 −A6 λA6 0
0 0 0 −A6 λA6 − A5 λA5 0
0 0 −A6 λA6 − A5 λA5 − A4 λA4 0
0 −A6 λA6 − A5 λA5 − A4 λA4 − A3 λA3 0
−A6 λA6 − A5 λA5 − A4 λA4 − A3 λA3 − A2 λA2 0
λA6 λA5 λA4 λA3 λA2 λA1 + A0 B
T
0 0 0 0 0 B A− λE

is a symmetric Rosenbrock strong linearization of G(λ) when A6 is nonsingular, where
X and Y are the trivial matrix assignments.
We now show that the transfer function of a real symmetric strong linearization
preserves the Cauchy-Maslov index of a real symmetric rational matrix.
Definition 4.11. [6] The Cauchy-Maslov index of a real symmetric rational
matrix G(λ) is defined by IndCM(G) := (# eigenvalues of G(λ) which jump from
−∞ to +∞) − (# eigenvalues of G(λ) which jump from +∞ to −∞) as the real
parameter λ traverses from −∞ to +∞.
The Cauchy-Maslov index of a real symmetric rational matrix plays an important
role in many applications such as in networks of linear systems, see [6, 11, 10, 23] and
the references therein. It is therefore desirable to construct real symmetric lineariza-
tions of G(λ) whose transfer functions preserve the Cauchy-Maslov index of G(λ).
Theorem 4.12. Let G(λ) be real symmetric and S(λ) be as given in (4.1). Let
L(λ) := LS(h, twh , tvh ,X ,Y) be a symmetric Rosenbrock strong linearization of G(λ)
as given in Corollary 4.9. Let G(λ) be the associated transfer function of L(λ). Then
G(λ) is real and symmetric and has the same Cauchy-Maslov index as G(λ), that is,
IndCM(G) = IndCM(G).
Proof. By Corollary 4.9 we haveG(λ) = L(λ)+(em−α⊗BT )(λE−A)−1(eTm−α⊗B)
is symmetric, where α := i0(twh ,wh) and L(λ) are as given in Corollary 4.9.
Next, we show that IndCM(G) = IndCM(G). Set Gsp(λ) := B
T (λE − A)−1B.
Then we have G(λ) = P (λ) +Gsp(λ) and
G(λ) = L(λ) + (em−α ⊗B
T )(λE −A)−1(eTm−α ⊗B)
= L(λ) + (em−α ⊗ In)B
T (λE −A)−1B(eTm−α ⊗ In)
= L(λ) + diag(0, . . . , 0, Gsp(λ)︸ ︷︷ ︸
(m−α)-th position
, 0, . . . , 0). (4.8)
Since L(λ) is a matrix pencil, it follows from (4.8) that the contribution in IndCM(G)
comes only from diag(0, . . . , 0, Gsp(λ), 0, . . . , 0). Hence we have
IndCM(G) = IndCM
(
diag(0, . . . , 0, Gsp, 0, . . . , 0)
)
= IndCM
(
Gsp
)
= IndCM(G),
where the last equality follows from the fact that the Cauchy-Maslov index is invariant
under perturbation by a matrix polynomial. This completes the proof.
Remark 4.13. Although the Cauchy-Maslov index is defined for real symmetric
rational matrices, it can be extended to Hermitian rational matrices.
Remark 4.14. Let G(λ) = P (λ)+BT (λE−A)−1B be symmetric, where P (λ) =∑m
j=0 Ajλ
j and m > 1. Then the construction given in [13, Theorem 5.3] generates
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only one symmetric linearization of G(λ) which is explicitly given by
T(λ) := λ

Am
· ·
·
Am−1
· ·
· .
.
.
· ·
·
· ·
·
.
.
.
Am Am−1 · · · A1
−E

+

−Am
· ·
·
−Am−1
· ·
·
· ·
·
.
.
.
−Am −Am−1 · · · −A2
A0 B
T
B A

.
Further, the pencil T(λ) is a Rosenbrock strong linearization of G(λ) if and only if
Am is nonsingular [13, Theorem 5.3]. By contrast, the family of GFPRs enables us
to construct an infinite number of symmetric strong linearizations of G(λ). In fact,
by considering h = 0, twh = ∅ and tvh = −m + (0 : m − 3, 0 : m − 5, . . .), we have
LS(h, twh , tvh ,X ,Y) = T(λ), where X and Y are the trivial matrix assignments.
4.2. Hamiltonian linearizations. Recall that a rational matrix G(λ) is said
to be Hamiltonian (i.e., T -even) if G(−λ)T = G(λ). Since G(λ) = P (λ) + Gsp(λ),
it follows that if G(λ) is T -even then both P (λ) and Gsp(λ) are T -even. We now
construct T -even Rosenbrock strong linearizations of G(λ). We proceed as follows.
For the rest of the paper, we define J :=
[
0 Iℓ
−Iℓ 0
]
when r = 2ℓ. Note that
JT = J−1 = −J. Further, we define Jk,r := diag(Ik, J) for any integer k ≥ 1 when
r = 2ℓ.
Definition 4.15. [22] A matrix X ∈ Cr with r := 2ℓ is said to be Hamiltonian
(resp., skew-Hamiltonian) if JX is symmetric (resp., JX is skew-symmetric), that
is, (JX)T = JX (resp., (JX)T = −JX).
If X is Hamiltonian then (JX)T = JX ⇒ (XJ)T = XJ . Similarly, if X is
skew-Hamiltonian then we have (XJ)T = −XJ .
Definition 4.16. Let G(λ) be a Hamiltonian (i.e., T -even) rational matrix.
(a) A realization of G(λ) of the form G(λ) = P (λ)+C(λIr −A)
−1B is said to be
a Hamiltonian realization of G(λ) if P (λ) is T -even, A is Hamiltonian with
r = 2ℓ and JB = CT .
(b) A system matrix S(λ) of the form S(λ) :=
[
P (λ) C
B A− λIr
]
is said to be
a Hamiltonian system matrix if r = 2ℓ and Jn,rS(λ) is T -even, that is, if(
Jn,r S(−λ)
)T
= Jn,r S(λ), where Jn,r := diag(In, J).
(c) A realization of G(λ) of the form G(λ) = P (λ)+C(λE−A)−1B with E being
nonsingular is said to be a T -even realization of G(λ) if C = BT and both
P (λ) and λE −A are T -even.
Note that the system matrix S(λ) associated with a T -even realization of G(λ) is
T -even, that is, S(−λ)T = S(λ).
Remark 4.17. Observe that G(λ) = P (λ) + C(λIr − A)−1B is a Hamiltonian
realization of G(λ) if and only if S(λ) :=
[
P (λ) C
B A− λIr
]
is a Hamiltonian system
matrix of G(λ). On the other hand, G(λ) = P (λ) + C(λE − A)−1B is a T -even
realization of G(λ) if and only if S(λ) :=
[
P (λ) C
B A− λE
]
is a T -even system matrix
of G(λ).
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For convenience, we often refer to S(λ) as a T -even (resp., Hamiltonian) realiza-
tion of G(λ) when S(λ) is T -even (resp., Hamiltonian).
Proposition 4.18. Suppose that G(λ) is Hamiltonian (i.e., T -even). Then we
have the following:
(a) There exists a minimal Hamiltonian realization of G(λ) of the form G(λ) =
P (λ)+C(λIr−A)−1B with r = 2ℓ and JB = CT . Thus the associated system
matrix S(λ) :=
[
P (λ) BT JT
B A− λIr
]
is Hamiltonian.
(b) There exists a minimal T -even realization of G(λ) of the form G(λ) = P (λ)+
BT (λE − A)−1B. Thus the system matrix S(λ) =
[
P (λ) BT
B A− λE
]
is T -
even.
Proof. Since G(λ) = P (λ) + Gsp(λ) is T -even, we have P (λ) and Gsp(λ) are T -
even. Also since Gsp(λ) is strictly proper and T -even, there exists a minimal Hamil-
tonian realization of Gsp(λ) of the form Gsp(λ) = C(λIr − A)−1B with r = 2ℓ and
JB = CT ; see [22]. Hence G(λ) = P (λ) + C(λIr − A)−1B is a minimal Hamilto-
nian realization of G(λ). Obviously the system matrix S(λ) is Hamiltonian, that is,
(Jn,r S(−λ))T = Jn,r S(λ), where Jn,r := diag(In, J). This proves (a).
The results in (b) follow from (a). Indeed, by part (a) we have G(λ) = P (λ) +
BTJT (λIr − A)−1B = P (λ) + BT (λJ − AJ)−1B. Since A is Hamiltonian, it follows
that λJ−AJ is T -even. Hence setting E := J and redefining A := AJ , it follows that
G(λ) := P (λ) +BT (λE −A)−1B is a minimal T -even realization of G(λ). Evidently,
the system matrix S(λ) is T -even, that is, S(−λ)T = S(λ). This proves (b).
We construct T -even (resp., Hamiltonian) linearizations of G(λ) corresponding to
a T -even (resp., Hamiltonian) realization of G(λ). We proceed as follows.
Definition 4.19. [8] A matrix Q ∈ Cmn×mn is said to be a quasi-identity matrix
if Q = ǫ1In ⊕ · · · ⊕ ǫmIn, where ǫi ∈ {±1} for i = 1 : m. We refer to ǫj, j = 1 : m, as
the j-th parameter of Q.
We need the following result which is a particular case of [8, Theorem 4.15].
Theorem 4.20 ([8], Theorem 4.15). Let 0 ≤ h ≤ m − 1 be even. Let w be
the simple admissible tuple of {0 : h} and cw be the symmetric complement of w.
Let z +m be any admissible tuple of {0 : m − h − 1} and cz +m be the symmetric
complement of z+m. Let L(λ) :=
(
λMP
z
−MP
w
)
MP
cw
MP
cz
. Then, up to multiplication
by −1, there exists a unique quasi-identity matrix Q such that QL(λ) is T -even (resp.,
T - odd) when P (λ) is T -even (resp., T -odd).
We refer to [8, Algorithm 4.14] for more on the construction of the quasi-identity
matrix Q. The next result provides T -even linearizations of G(λ).
Theorem 4.21. Let G(λ) be T -even and S(λ) be a T -even realization of G(λ) as
given in Proposition 4.18(b). Let h,w, cw, z and cz be as in Theorem 4.20. Consider
the GFPR L(λ) :=
(
λMSz −M
S
w
)
MPcwM
P
cz
associated with S(λ). Then there exists a
unique quasi-identity matrix Q := diag(sQ, Ir) such that
QL(λ) =
[
sQL(λ) em−i0(w) ⊗B
T
eTm−i0(w) ⊗ B A− λE
]
is T -even, where Q and L(λ) are as in Theorem 4.20 and s is the (m − i0(w))-th
parameter of Q.
Assume that Ind(z + m) = 0 when the leading coefficient of P (λ) is singular.
Then QL(λ) is a Rosenbrock strong linearization of G(λ). The transfer function
G(λ) := sQL(λ) + (em−i0(w) ⊗B
T )(λE −A)−1(eT
m−i0(w)
⊗B) of QL(λ) is T -even.
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Proof. By Theorem 3.6, we have
L(λ) =
[
L(λ) em−i0(w) ⊗B
T
eTm−c0(w,cw) ⊗B A− λE
]
,
where L(λ) is as given in Theorem 4.20. Since h is even and w is the simple admissible
tuple of {0 : h}, we havew = (h−1 : h, . . . , 3 : 4, 1 : 2, 0) and cw = (h−1, h−3, . . . , 1).
This implies that i0(w) = c0(w, cw) = 0 if h = 0, and i0(w) = c0(w, cw) = 1 if
h > 0. By Theorem 4.20, sQL(λ) is T -even. Set α := i0(w). Then Q(em−α ⊗ In) =
s(em−α ⊗ In). Note that ss = 1. Consequently, we have
QL(λ) =
[
sQL(λ) sQ(em−α ⊗BT )
eTm−α ⊗B A− λE
]
=
[
sQL(λ) em−α ⊗BT
eTm−α ⊗B A− λE
]
. (4.9)
Since sQL(λ) and A− λE are T -even, it follows from (4.9) that QL(λ) is T -even.
Since h is even, by Remark 4.4 we have 0 /∈ cw. This implies that the matrix
assignment for cw is nonsingular. Hence by taking σ := w, τ := z, σ1 := ∅, σ2 := cw,
τ1 := ∅ and τ2 := cz, it follows from Theorem 3.21 that L(λ) is a Rosenbrock strong
linearization of G(λ) if the matrix assignment for cz is nonsingular. If the leading
coefficient of P (λ) is nonsingular then the matrix assignment for cz is nonsingular.
On the other hand, if the leading coefficient of P (λ) is singular and Ind(z+m) = 0,
then by Remark 4.4, we have 0 /∈ cz +m ⇒ −m /∈ cz. Hence the matrix assignment
for cz is nonsingular. Thus, QL(λ) is a T -even Rosenbrock strong linearization of
G(λ). Obviously the transfer function G(λ) is T -even.
Remark 4.22. Note that if m is even then Ind(z +m) > 0 because h is always
even. This implies that −m ∈ cz . Hence if the leading coefficient of P (λ) is singular
then QL(λ) in Theorem 4.21 is not a linearization of G(λ) as MP
cz
is singular.
Example 4.23. Let G(λ) :=
∑5
i=0 λ
iAi + B
T (λE − A)−1B be a T -even real-
ization of G(λ) and S(λ) be as in Proposition 4.18(b). Consider the GFPR L(λ) =
(λMS(−4:−3,−5) −M
S
(1:2,0))M
P
1 M
P
−4 and Q = diag(In, In,−In, In,−In, Ir). Then
QL(λ) =

0 −In λIn 0 0 0
−In λA5 −A4 λA4 0 0 0
−λIn −λA4 −λA3 −A2 −A1 In 0
0 0 A1 −λA1 +A0 λIn BT
0 0 In −λIn 0 0
0 0 0 B 0 A− λE

is a T -even Rosenbrock strong linearization of G(λ). Observe that QL(λ) is a block
penta-diagonal pencil.
Next, let G(λ) :=
∑4
i=0 λ
iAi + B
T (λE − A)−1B be a T -even realization. Con-
sider L(λ) := (λMS(−4:−1)−M
S
0 )M
P
(−4:−2,−4:−3,−4) and Q := diag(In,−In, In,−In, Ir).
Then
QL(λ) =

0 0 −A4 λA4 0
0 A4 −λA4 +A3 −λA3 0
−A4 λA4 −A3 λA3 −A2 λA2 0
−λA4 −λA3 −λA2 −λA1 −A0 BT
0 0 0 B A− λE

is a T -even Rosenbrock strong linearization of G(λ) when A4 is nonsingular.
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Next, we consider a Hamiltonian realization of G(λ) and construct a Hamiltonian
strong linearization of G(λ).
Theorem 4.24. Let G(λ) be Hamiltonian and S(λ) be a Hamiltonian realiza-
tion of G(λ) as given in Proposition 4.18(a). Assume that Ind(z + m) = 0 when
the leading coefficient of P (λ) is singular, where z is as given in Theorem 4.21.
Then T(λ) :=
[
sQL(λ) em−i0(w) ⊗B
T JT
eTm−i0(w) ⊗B A− λIr
]
is Hamiltonian and is a Rosenbrock
strong linearization of G(λ), where w and sQL(λ) are as given in Theorem 4.21.
The transfer function G(λ) := sQL(λ)+(em−i0(w)⊗B
TJT )(λIr−A)−1(eTm−i0(w)⊗
B) of T(λ) is Hamiltonian.
Proof. Define Ŝ(λ) := Jn,rS(λ) =
[
P (λ) BTJT
JB JA− λJ
]
. Since A is Hamiltonian, we
have JA−λJ is T -even. This shows that Ŝ(λ) is a T -even realization of G(λ). Hence
by Theorem 4.21,
L̂(λ) :=
[
sQL(λ) em−i0(w) ⊗B
TJT
eTm−i0(w) ⊗ JB JA− λJ
]
(4.10)
is a T -even Rosenbrock strong linearizations of Ŝ(λ). Note that L̂(λ) = Jmn,rT(λ),
where Jmn,r := diag(Imn, J). Since L̂(λ) is T -even, it follows that T(λ) is Hamiltonian,
that is, (Jmn,rT(−λ))T = Jmn,rT(λ). Further, since L̂(λ) is a Rosenbrock strong
linearization of Ŝ(λ) and Ŝ(λ) = Jn,rS(λ), it follows that T(λ) is a Rosenbrock strong
linearization of S(λ). Obviously the transfer function G(λ) is Hamiltonian.
4.3. Skew-Hamiltonian linearizations. Recall that a rational matrix G(λ) is
said to be skew-Hamiltonian (i.e., T -odd) if G(−λ)T = −G(λ).
Proposition 4.25. Let G(λ) be T -odd. Then there exists a minimal T -odd
realization of G(λ) of the form G(λ) := P (λ) + BT (λIr − A)−1B, where P (λ) and
λIr −A are T -odd. Thus the system matrix S(λ) :=
[
P (λ) −BT
B λIr −A
]
is T -odd.
Proof. Since G(λ) = P (λ) + Gsp(λ) is T -odd, it follows that both P (λ) and
Gsp(λ) are T -odd. Since Gsp(λ) is T -odd and strictly proper, there exists a minimal
T -odd realization of Gsp(λ) of the form Gsp(λ) = B
T (λIr −A)
−1B, where A is skew-
symmetric; see [22]. Since A is skew-symmetric, we have λIr − A is T -odd. This
shows that G(λ) = P (λ) + BT (λIr − A)−1B is a minimal T -odd realization of G(λ)
and that the system matrix S(λ) is T -odd.
The next result gives T -odd Rosenbrock strong linearizations of G(λ).
Theorem 4.26. Let G(λ) be T -odd and S(λ) be as given in Proposition 4.25.
Let h,w, cw, z and cz be as in Theorem 4.20. Consider the GFPR L(λ) :=
(
λMS
z
−
MS
w
)
MP
cw
MP
cz
associated with S(λ). Then there exists a unique quasi-identity matrix
Q := diag(sQ, Ir) such that
QL(λ) =
[
sQL(λ) −em−i0(w) ⊗B
T
eT
m−i0(w)
⊗B λIr −A
]
is T -odd, where Q and L(λ) are as in Theorem 4.20 and s is the (m − i0(w))-th
parameter of Q.
Assume that Ind(z +m) = 0 when leading coefficient of P (λ) is singular. Then
QL(λ) is a T -odd Rosenbrock strong linearization of G(λ). The transfer function
G(λ) := sQL(λ) + (em−i0(w) ⊗B
T )(λIr −A)−1(eTm−i0(w) ⊗B) of QL(λ) is T -odd.
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Proof. By Theorem 3.6, we have
L(λ) =
[
L(λ) em−i0(w) ⊗ (−B
T )
eT
m−c0(w,cw)
⊗B λIr −A
]
,
where L(λ) is as given in Theorem 4.20. It is shown in the proof of Theorem 4.21
that i0(w) = c0(w, cw). Set α := i0(w). Then Q(em−α ⊗ In) = s (em−α ⊗ In). Note
that ss = 1. Consequently, we have
QL(λ) =
[
sQL(λ) sQ(em−α ⊗ (−BT ))
eTm−α ⊗B λIr −A
]
=
[
sQL(λ) em−α ⊗ (−BT )
eTm−α ⊗B λIr −A
]
. (4.11)
By Theorem 4.20, sQL(λ) is T -odd. Since λIr − A is T -odd, it follows from (4.11)
that QL(λ) is T -odd.
By the same arguments as given in the proof of Theorem 4.21, it follows that
QL(λ) is a Rosenbrock strong linearization of G(λ). Obviously, the transfer function
G(λ) is T -odd.
Example 4.27. Let G(λ) =
∑5
i=0 λ
iAi+B
T (λIr−A)−1B be a T -odd realization
of G(λ) and S(λ) be as given in Proposition 4.25. Set Q := diag(In,−In, In,−In,−In, Ir)
and consider the GFPR L(λ) := (λMS(−4:−3,−5) −M
S
(1:2,0))M
P
1 M
P
−4. Then
QL(λ) =

0 −In λIn 0 0 0
In −λA5 +A4 −λA4 0 0 0
λIn λA4 λA3 +A2 A1 −In 0
0 0 −A1 λA1 −A0 −λIn −BT
0 0 In −λIn 0 0
0 0 0 B 0 λIr −A

is a T -odd Rosenbrock strong linearization of G(λ). Notice that QL(λ) is a block
penta-diagonal pencil.
Next, let G(λ) =
∑5
i=0 λ
iAi + B
T (λIr − A)−1B be a T -odd realization. Con-
sider L(λ) := (λMS(−4:−1)−M
S
0 )M
P
(−4:−2,−4:−3,−4) and Q := diag(In,−In, In,−In, Ir).
Then
QL(λ) =

0 0 −A4 λA4 0
0 A4 −λA4 +A3 −λA3 0
−A4 λA4 −A3 λA3 − A2 λA2 0
−λA4 −λA3 −λA2 −λA1 −A0 −BT
0 0 0 B λIr −A

is a T -odd Rosenbrock strong linearization of G(λ) when A4 is nonsingular.
4.4. Skew-symmetric linearizations. Suppose that G(λ) is skew-symmetric,
that is, G(λ)T = −G(λ). Since G(λ) = P (λ) + Gsp(λ), it follows that P (λ) and
Gsp(λ) are skew-symmetric.
Definition 4.28. Suppose that G(λ) is skew-symmetric.
(a) A realization of G(λ) of the form G(λ) = P (λ) + C(λIr − A)−1B is said to
be a skew-Hamiltonian realization of G(λ) if P (λ) is skew-symmetric, A is
skew-Hamiltonian with r = 2ℓ and CT = JB.
(b) A system matrix S(λ) of the form S(λ) :=
[
P (λ) −C
B λIr −A
]
is said to be a
skew-Hamiltonian system matrix if r = 2ℓ and
(
Jn,r S(λ)
)T
= −Jn,r S(λ),
where Jn,r := diag(In, J).
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(c) A realization of G(λ) of the form G(λ) = P (λ)+C(λE−A)−1B with E being
nonsingular is said to be a skew-symmetric realization of G(λ) if C = BT and
both P (λ) and λE −A are skew-symmetric.
Remark 4.29. Observe that G(λ) = P (λ)+C(λIr−A)−1B is a skew-Hamiltonian
realization of G(λ) if and only if S(λ) :=
[
P (λ) −C
B λIr −A
]
is a skew-Hamiltonian
system matrix of G(λ). On the other hand, G(λ) = P (λ) +C(λE −A)−1B is a skew-
symmetric realization of G(λ) if and only if S(λ) :=
[
P (λ) −C
B λE −A
]
is a skew-
symmetric system matrix of G(λ).
For convenience, we often refer to S(λ) as a skew-symmetric (resp., skew-Hamiltonian)
realization of G(λ) when S(λ) is skew-symmetric (resp., skew-Hamiltonian).
Proposition 4.30. Suppose that G(λ) is skew-symmetric. Then we have the
following:
(a) There exists a minimal skew-Hamiltonian realization of G(λ) of the form
G(λ) = P (λ) + C(λIr − A)−1B with r = 2ℓ and JB = CT . Thus the system
matrix S(λ) :=
[
P (λ) −BTJT
B λIr −A
]
associated with G(λ) is skew-Hamiltonian.
(b) There exists a minimal skew-symmetric realization of G(λ) of the form G(λ) =
P (λ) + BT (λE − A)−1B. Thus the system matrix S(λ) =
[
P (λ) −BT
B λE −A
]
associated with G(λ) is skew-symmetric.
Proof. Since G(λ) = P (λ) + Gsp(λ) is skew-symmetric, we have both P (λ) and
Gsp(λ) are skew-symmetric. Also since Gsp(λ) is strictly proper and skew-symmetric,
there exists a minimal skew-Hamiltonian realization of Gsp(λ) of the form Gsp(λ) =
C(λIr −A)
−1B with r = 2ℓ and JB = CT ; see [22]. Hence G(λ) = P (λ) + C(λIr −
A)−1B is a minimal skew-Hamiltonian realization of G(λ). Obviously the system
matrix S(λ) is skew-Hamiltonian, that is, (Jn,r S(λ))T = −Jn,r S(λ), where Jn,r :=
diag(In, J). This proves (a).
By part (a), G(λ) = P (λ) + BT JT (λIr − A)−1B = P (λ) + BT (λJ − AJ)−1B.
Since A is skew-Hamiltonian, it follows that λJ−AJ is skew-symmetric. Hence setting
E := J and redefining A := AJ , it follows that G(λ) = P (λ) + BT (λE − A)−1B is
a minimal skew-symmetric realization of G(λ). Evidently, the system matrix S(λ) is
skew-symmetric, that is, S(λ)T = −S(λ). This proves (b).
Let α be a permutation of {0 : k} for k ≥ 0 with csf(α) being the column standard
form of α. Then an index s ∈ {0 : k − 1} is said to be a right index of type-1 relative
to α if there is a string (s : t) in the csf(α) such that s < t, see [8].
Definition 4.31 ([8], Associated simple tuple). Let α be a permutation of {0 : k}
for some k ≥ 0. Suppose that csf(α) = (bd, bd−1, . . . , b1), where bi = (ai−1 + 1 : ai)
for i = 2 : d and b1 = (0 : a1). If s is a right index of type-1 relative to α then the
simple tuple associated with (α, s) is denoted by zr(α, s) and is given by
• zr(α, s) := (bd, bd−1, . . . , bh+1, b˜h, b˜h−1, bh−2, . . . , b1) if s = ah−1 + 1 6= 0,
where b˜h = (ah−1 + 2 : ah) and b˜h−1 = (ah−2 + 1 : ah−1 + 1).
• zr(α, s) := (bd, bd−1, . . . , b2, b˜1, b˜0) if s = 0, where b˜1 = (1 : a1) and b˜0 = (0).
Definition 4.32 ([8], Type-1 index tuple). Let α be a permutation of {0 : k},
k ≥ 0, and let β := (s1, . . . , sr) be an index tuple containing indices from {0 : k − 1}.
Then β is said to be a right index tuple of type-1 relative to α if, for i = 1 : r, si is
a right index of type-1 relative to zr(α, (s1, . . . , si−1)), where zr(α, (s1, . . . , si−1)) :=
zr(zr(α, (s1, . . . , si−2)), si−1) for i > 2.
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We need the following result which is a particular case of [8, Theorem 3.15].
Theorem 4.33. [8] Let P (λ) be skew symmetric and let 0 ≤ h ≤ m− 1 be even.
Let w be the simple admissible tuple of {0 : h} and cw be the symmetric complement
of w. Let z+m be any admissible tuple of {0 : m−h−1}. Let cz+m be the symmetric
complement of z+m. Let tw containing indices from {0 : h−1} and tz+m containing
indices from {0 : m − h − 2} be right index tuples of type-1 relative to rev(w) and
rev(z+m), respectively. Consider
L(λ) :=MPrev(tz)M
P
rev(tw)
(
λMP
z
−MP
w
)
MP
cw
MP
tw
MP
cz
MP
tz
.
Then, up to multiplication by −1, there exists a unique quasi-identity matrix Q such
that QL(λ) is skew-symmetric.
We now construct skew-symmetric Rosenbrock strong linearizations of G(λ).
Theorem 4.34. Let G(λ) be skew-symmetric and S(λ) be a skew-symmetric real-
ization of G(λ) as in Proposition 4.30(b). Let h,w, cw, tw, z, cz and tz be as in Theo-
rem 4.33. Consider the GFPR L(λ) := MPrev(tz)M
P
rev(tw)
(
λMSz −M
S
w
)
MPcwM
P
tw
MPczM
P
tz
associated with S(λ). Then there exists a unique quasi-identity matrix Q := diag(sQ, Ir)
such that
QL(λ) =
[
sQL(λ) −em−α ⊗B
T
eTm−α ⊗B λE −A
]
,
is skew-symmetric, where Q and L(λ) are as in Theorem 4.33 and s is the (m−α)-th
parameter of Q with α := c0(w, cw, tw).
Assume that Ind(z+m) = 0 when the leading coefficient Am of P (λ) is singular.
Further, suppose that 0 /∈ tw (resp., −m /∈ tz) when A0 (resp., Am) is singular. Then
QL(λ) is a skew-symmetric Rosenbrock strong linearization of G(λ). The transfer
function G(λ) := sQL(λ) + (em−α ⊗ BT )(λE − A)−1(eTm−α ⊗ B) of QL(λ) is skew-
symmetric.
Proof. By Theorem 3.6, we have
L(λ) =
[
L(λ) em−i0(rev(tw),w) ⊗ (−B
T )
eT
m−c0(w,cw,tw)
⊗B λE −A
]
,
where L(λ) is as in Theorem 4.33. Next, we show that i0(rev(tw),w) = c0(w, cw, tw).
If h = 0 then w = (0) and cw = ∅ = tw. Thus i0(rev(tw),w) = 0 = c0(w, cw, tw).
Next, suppose that h > 0. Then we have w = (h − 1 : h, h − 3 : h − 2, . . . , 1 : 2, 0)
and cw = (h − 1, h − 3, . . . , 3, 1). This implies that c0(w, cw, tw) = 2 + c2(tw) and
i0(rev(tw),w) = 2 + i2(rev(tw)) = 2 + c2(tw). Hence i0(rev(tw),w) = c0(w, cw, tw).
By Theorem 4.33, we have sQL(λ) is skew-symmetric. Note that Q(em−α⊗In) =
s (em−α ⊗ In) and ss = 1. Consequently, we have
QL(λ) =
[
sQL(λ) sQ(em−α ⊗ (−BT ))
eTm−α ⊗B λE −A
]
=
[
sQL(λ) em−α ⊗ (−BT )
eTm−α ⊗B λE −A
]
. (4.12)
Since sQL(λ) and λE − A are skew-symmetric, it follows from (4.12) that QL(λ) is
skew-symmetric.
Since 0 /∈ tw (resp., −m /∈ tz) when A0 (resp., Am) is singular, the matrix
assignments of tw, rev(tw), tz and rev(tz) are nonsingular. Hence by taking σ :=
w, τ := z, σ1 := rev(tw), σ2 := (cw, tw), τ1 := rev(tz) and τ2 := (cz , tz), it follows
26
from Theorem 3.21 that L(λ) is a Rosenbrock strong linearization of S(λ) if the
matrix assignments for cw and cz are nonsingular. By the similar arguments as given
in the proof Theorem 4.21, it follows that the matrix assignments for cw and cz are
nonsingular.
Example 4.35. Let G(λ) =
∑5
i=0 λ
iAi+B
T (λE−A)−1B be skew-symmetric and
S(λ) be as in Proposition 4.30(b). Define L(λ) :=
(
λMS(−4:−3,−5) −M
S
(1:2,0)
)
MP1 M
P
−4
and Q := diag(In,−In,−In,−In, In, Ir). Then
QL(λ) =

0 −In λIn 0 0 0
In −λA5 +A4 −λA4 0 0 0
−λIn −λA4 −λA3 −A2 −A1 In 0
0 0 −A1 λA1 −A0 −λIn −BT
0 0 −In λIn 0 0
0 0 0 B 0 λE −A

is a skew-symmetric Rosenbrock strong linearization of G(λ). Observe that QL(λ) is
a block penta-diagonal pencil.
Next, let G(λ) =
∑4
i=0 λ
iAi+B
T (λE −A)−1B be skew-symmetric. Consider the
GFPR L(λ) = (λMS(−4:−3)−M
S
(1:2,0))M
P
1 M
P
−4 and Q = diag(In, In, In,−In, Ir). Then
QL(λ) =

−A4 λA4 0 0 0
λA4 λA3 +A2 A1 −In 0
0 A1 −λA1 +A0 λIn −B
T
0 In −λIn 0 0
0 0 B 0 λE −A

is a skew-symmetric Rosenbrock strong linearization of G(λ) when A4 is nonsingular.
Next, we construct skew-Hamiltonian strong linearizations of G(λ).
Theorem 4.36. Let G(λ) be skew-symmetric and S(λ) be a skew-Hamiltonian
realization of G(λ) as in Proposition 4.30(a). Let w, cw, tw, z, cz and tz be as in
Theorem 4.34. Suppose that 0 /∈ tw (resp., −m /∈ tz) when A0 (resp., Am) is singular.
Assume that Ind(z+m) = 0 when Am is singular. Then
T(λ) :=
[
sQL(λ) −em−α ⊗BT JT
eTm−α ⊗B λIr −A
]
is a skew-Hamiltonian Rosenbrock strong linearization of G(λ), where α and sQL(λ)
are as in Theorem 4.34. The transfer function G(λ) := sQL(λ)+(em−α⊗BTJT )(λIr−
A)−1(eTm−α ⊗B) of T(λ) is skew-symmetric.
Proof. Define Ŝ(λ) := Jn,rS(λ) =
[
P (λ) −BTJT
JB λJ − JA
]
. SinceA is skew-Hamiltonian,
we have λJ − JA is skew-symmetric. Hence Ŝ(λ) is skew-symmetric as P (λ) and
λJ − JA are skew-symmetric. Now by Theorem 4.34,
L̂(λ) :=
[
sQL(λ) −em−α ⊗BT JT
eTm−α ⊗ JB λJ − JA
]
(4.13)
is a skew-symmetric Rosenbrock strong linearizations of Ŝ(λ), where α and sQL(λ)
are as in Theorem 4.34. Note that L̂(λ) = Jmn,rT(λ). Since L̂(λ) is skew-symmetric, it
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follows that T(λ) is skew-Hamiltonian, that is, (Jmn,rT(λ))
T = −Jmn,rT(λ). Further,
since L̂(λ) is a Rosenbrock strong linearization of Ŝ(λ) and Ŝ(λ) = Jn,rS(λ), it
follows that T(λ) is a Rosenbrock strong linearization of S(λ). Obviously G(λ) is
skew-symmetric and is the transfer function of T(λ).
5. Recovery of eigenvectors and minimal bases. We now describe the re-
covery of eigenvectors, minimal bases and minimal indices of G(λ) from those of the
GFPRs of G(λ). We need the following result.
Theorem 5.1. [13, 32] Let G(λ) and S(λ) be as in (2.1) and (2.2), respectively.
(I) Suppose that G(λ) is singular. Let Z(λ) :=
[
Zn(λ)
Zr(λ)
]
be a matrix polynomial,
where Zn(λ) has n rows and Zr(λ) has r rows. If Z(λ) is a right (resp., left) minimal
basis of S(λ) then Zn(λ) is a right (resp., left) minimal basis of G(λ). Further, the
right (resp., left) minimal indices of G(λ) and S(λ) are the same.
(II) Suppose that G(λ) is regular and µ ∈ C is an eigenvalue of G(λ). Let Z :=[
Zn
Zr
]
be an (n + r) × p matrix such that rank(Z) = p, where Zn has n rows and
Zr has r rows. If Z is a basis of Nr(S(µ)) (resp., Nl(S(µ))) then Zn is a basis of
Nr(G(µ)) (resp., Nl(G(µ))).
Thus, in view of Theorem 5.1, we only need to describe the recovery of eigenvec-
tors, minimal bases and minimal indices of S(λ) from those of the GFPRs of G(λ).
To that end, we need the following result.
Theorem 5.2. [3, 14] Consider the GF pencil Tω(λ) := λM
S
−ω1 −M
S
ω0
of G(λ)
associated with a permutation ω := (ω0, ω1) of {0 : m}, where 0 ∈ ω0 and m ∈ ω1.
Then we have the following:
(I) Minimal bases. Suppose that S(λ) is singular. Then the maps
FPGFω (S) : Nr(Tω)→ Nr(S),
[
u(λ)
v(λ)
]
7→
[
(eT
m−c0(ω0)
⊗ In)u(λ)
v(λ)
]
,
KPGFω (S) : Nl(Tω)→ Nl(S),
[
u(λ)
v(λ)
]
7→
[
(eT
m−i0(ω0)
⊗ In)u(λ)
v(λ)
]
,
are linear isomorphisms, where u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r . Further, FPGFω (S)
(resp., KPGFω (S)) maps a minimal basis of Nr(Tω) (resp., Nl(Tω)) to a minimal basis
of Nr(S) (resp., Nl(S)).
Let ω1 be given by ω1 := (ω
ℓ
1,m, ω
r
1). Set α := (rev(ω
ℓ
1), ω0, rev(ω
r
1)). Let c(α)
and i(α) be the total number of consecutions and inversions of the permutation α,
respectively. If ε1 ≤ · · · ≤ εp are the right (resp., left) minimal indices of Tω(λ) then
ε1 − i(α) ≤ · · · ≤ εp − i(α) (resp., ε1 − c(α) ≤ · · · ≤ εp − c(α)) are the right (resp.,
left) minimal indices of S(λ).
(II) Eigenvectors. Suppose that S(λ) is regular and µ ∈ C is an eigenvalue of
S(λ). Let Z :=
[
Zmn
Zr
]
be an (mn + r) × p matrix such that rank(Z) = p, where
Zmn has mn rows and Zr has r rows. If Z is a basis of Nr(Tω(µ)) (resp., Nl(Tω(µ)))
then
[
(eT
m−c0(ω0)
⊗ In)Zmn
Zr
]
(resp.,
[
(eT
m−i0(ω0)
⊗ In)Zmn
Zr
]
) is a basis of Nr(S(µ))
(resp., Nl(S(µ))).
The pencil Tω(λ) in Theorem 5.2 is referred to as a PGF (proper generalized
Fiedler) pencil of G(λ) (also refer to as a PGF pencil of S(λ)).
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For the rest of the paper, we only consider GFPRs with nonsingular matrix as-
signments. Thus, if L(λ) := M(τ1,σ1)(Y1, X1) (λM
S
τ −M
S
σ )M(σ2,τ2)(X2, Y2) is a GFPR
of S(λ) then we assume that Xj and Yj , j = 1, 2, are nonsingular matrix assignments.
Theorem 5.3. Let L(λ) := M(τ1,σ1)(Y1, X1)(λM
S
τ −M
S
σ )M(σ2,τ2)(X2, Y2) be a
GFPR of S(λ). Let Z(λ) :=
[
Zmn(λ)
Zr(λ)
]
be an (mn + r) × p matrix polynomial,
where Zmn(λ) has mn rows and Zr(λ) has r rows.
(a) If Z(λ) is a right (resp., left) minimal basis of L(λ) then
[
(eTm−c0(σ,σ2) ⊗ In)Zmn(λ)
Zr(λ)
]
(resp.,
[
(eT
m−i0(σ1,σ)
⊗ In)Zmn(λ)
Zr(λ)
]
) is a right (resp., left) minimal basis of S(λ).
(b) Let τ be given by τ := (τl,−m, τr). Set α :=
(
− rev(τl), σ,−rev(τr)
)
. Let c(α)
and i(α) be the total number of consecutions and inversions of the permutation α. If
ε1 ≤ · · · ≤ εp are the right (resp., left) minimal indices of L(λ) then ε1− i(α) ≤ · · · ≤
εp− i(α) (resp., ε1− c(α) ≤ · · · ≤ εp− c(α)) are the right (resp., left) minimal indices
of S(λ).
Proof. We have L(λ) = U Tω(λ)V , where Tω(λ) := λM
S
τ −M
S
σ is a PGF pen-
cil of G(λ) associated with the permutation ω := (σ,−τ) of {0 : m}, and U :=
M(τ1,σ1)(Y1, X1) and V := M(σ2,τ2)(X2, Y2). Since V is a nonsingular matrix, it is
easily seen that the map V : Nr(L)→ Nr(Tω), z(λ) 7→ V z(λ), is an isomorphism and
maps a minimal basis of Nr(L) to a minimal basis of Nr(Tω). On the other hand,
by Theorem 5.2, FPGFω (S) : Nr(Tω) → Nr(S),
[
x(λ)
y(λ)
]
7→
[
(eT
m−c0(σ)
⊗ In)x(λ)
y(λ)
]
, is an
isomorphism and maps a minimal basis of Nr(Tω) to a minimal basis of Nr(S), where
x(λ) ∈ C(λ)mn and y(λ) ∈ C(λ)r. Consequently, FPGFω (S)V : Nr(L)→ Nr(S), z(λ) 7→
FPGFω (S)V z(λ), is an isomorphism and maps a minimal basis of Nr(L) to a minimal
basis of Nr(S). Now, by Lemma 3.5, we have FPGFω (S)V = F
PGF
ω (S)M(σ2,τ2)(X2, Y2) =[
(eTm−c0(σ) ⊗ In)M(σ2,τ2)(X2, Y2)
Ir
]
=
[
eTm−c0(σ,σ2) ⊗ In
Ir
]
,
and hence the desired result for the recovery of right minimal bases follows.
Now we describe the recovery of left minimal bases. Since U is a nonsingular
matrix, it is easily seen that the map UT : Nl(L) → Nl(Tω), z(λ) 7→ UT z(λ), is an
isomorphism and maps a minimal basis of Nl(L) to a minimal basis of Nl(Tω). On the
other hand, by Theorem 5.2, KPGFω (S) : Nl(Tω)→ Nl(S),
[
x(λ)
y(λ)
]
7→
[
(eT
m−i0(σ)
⊗ In)x(λ)
y(λ)
]
,
is an isomorphism and maps a minimal basis of Nl(Tω) to a minimal basis of Nl(S),
where x(λ) ∈ C(λ)mn and y(λ) ∈ C(λ)r . Consequently, KPGFω (S)U
T : Nl(L) → Nl(S),
z(λ) 7→ KPGFω (S)U
T z(λ), is an isomorphism and maps a minimal basis of Nl(L) to a
minimal basis of Nl(S). Now KPGFω (S)U
T = KPGFω (S)(M(τ1,σ1)(Y1, X1))
T =[
(eTm−i0(σ) ⊗ In)
(
M(τ1,σ1)(Y1, X1)
)T
Ir
]
=
[(
M(τ1,σ1)(Y1, X1)(em−i0(σ) ⊗ In)
)T
Ir
]
.
By Lemma 3.5, we have M(τ1,σ1)(Y1, X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In. Hence
the desired result for recovery of left minimal bases follows.
Finally, let ε1 ≤ · · · ≤ εp be the right (resp., left) minimal indices of L(λ). Since
the PGF pencil Tω(λ) is strictly equivalent to L(λ), ε1 ≤ · · · ≤ εp are also the right
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(resp., left) minimal indices of Tω(λ). Hence by Theorem 5.2, ε1 − i(α) ≤ · · · ≤
εp− i(α) (resp., ε1− c(α) ≤ · · · ≤ εp− c(α)) are the right (resp., left) minimal indices
of S(λ).
The next result describes the recovery of eigenvectors of S(λ) from those of the
GFPRs of S(λ) when S(λ) is regular.
Theorem 5.4. Let L(λ) := M(τ1,σ1)(Y1, X1)(λM
S
τ −M
S
σ )M(σ2,τ2)(X2, Y2) be a
GFPR of S(λ). Suppose that S(λ) is regular and µ ∈ C is an eigenvalue of S(λ).
Let Z :=
[
Zmn
Zr
]
be an (mn + r) × p matrix such that rank(Z) = p, where Zmn
has mn rows and Zr has r rows. If Z is a basis of Nr(L(µ)) (resp., Nl(L(µ)))
then
[
(eTm−c0(σ,σ2) ⊗ In)Zmn
Zr
]
(resp.,
[
(eTm−i0(σ1,σ) ⊗ In)Zmn
Zr
]
) is a basis of Nr(S(µ))
(resp., Nl(S(µ))).
Proof. A verbatim proof of Theorem 5.3 together with part (II) of Theorem 5.2
yields the desired results.
Next, we briefly describe the recovery of eigenvectors, minimal bases and minimal
indices of a structured G(λ) from those of the structured linearizations discussed in
Section 4.
Note that if G(λ) is singular then the left (resp., right) minimal indices of G(λ)
andXG(λ)Y are the same for any nonsingular matricesX and Y. Hence it follows that
if G(λ) is symmetric (resp., skew-symmetric, Hamiltonian, skew-Hamiltonian) then
the left minimal indices of G(λ) are the same as the right minimal indices of G(λ).
Consequently, if L(λ) is a structure-preserving linearization of G(λ) considered in Sec-
tion 4 then the left minimal indices of L(λ) are the same as the right minimal indices
of L(λ). Since L(λ) is strictly equivalent to a GFPR T(λ) := M(τ1,σ1)(Y1, X1)(λM
S
τ −
MSσ )M(σ2,τ2)(X2, Y2) of G(λ), the left and right minimal indices of T(λ) are the same.
Let τ be given by τ = (τℓ,−m, τr). Define α := (−rev(τℓ), σ,−rev(τr)). Then α
is a permutation of {0 : m − 1}. Let c(α) and i(α), respectively, be the total num-
ber of consecutions and inversions of α. Let ε1 ≤ · · · ≤ εk be the minimal (left
and right) indices of T(λ). Then by Theorem 5.3, ε1 − i(α) ≤ · · · ≤ εk − i(α) and
ε1 − c(α) ≤ · · · ≤ εk − c(α), respectively, are the right and left minimal indices of
G(λ). Since the left and right minimal indices of G(λ) are the same, we must have
i(α) = c(α). But i(α)+c(α) = m−1. Consequently, we have i(α) = (m−1)/2 = c(α)
which shows that ε1 − (m − 1)/2 ≤ · · · ≤ εk − (m − 1)/2 are the minimal (left and
right) indices of G(λ). Recall that L(λ) is not a linearization of G(λ) if m is even.
Thus, if L(λ) is a structure-preserving linearization ofG(λ) considered in Section 4
then the left minimal indices of L(λ) are the same as the right minimal indices of
L(λ). Moreover, if ε1 ≤ · · · ≤ εk are the minimal (left and right) indices of L(λ) then
ε1− (m−1)/2 ≤ · · · ≤ εk− (m−1)/2 are the minimal (left and right) indices of G(λ).
Hence we only need to comment on the recovery of eigenvectors and minimal bases
of G(λ) from those of the L(λ).
Note that the left minimal bases of G(λ) are the same as the right minimal
bases of G(λ) when G(λ) is symmetric (resp., Hamiltonian, skew-Hamiltonian, skew-
symmetric). Hence if L(λ) is a structure-preserving linearization of G(λ) considered in
Section 4 then the left minimal bases of L(λ) are the same as the right minimal bases
of L(λ). Consequently, minimal bases and eigenvectors of G(λ) can be recovered from
those of L(λ) as special cases of Theorem 5.3 and Theorem 5.4. Indeed, for structure-
preserving linearizations, we have c0(σ, σ2) = 0 when h = 0 and, c0(σ, σ2) is given in
the Table 5.1 when h > 0.
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Structure symmetric T -even/odd skew-symmetric
c0(σ, σ2) 2 + i2(twh) 1 2 + c2(tw)
Table 5.1
Conclusion. We have made four major contributions in this paper. First, we
have generalized GFPRs of a matrix polynomial P (λ) to the case of a rational matrix
G(λ). Moreover, we have shown that the transition from GFPRs of matrix polynomi-
als to GFPRs of rational matrices is operation-free (Theorem 3.6). Second, and most
importantly, we have utilized GFPRs of G(λ) to construct structure-preserving Rosen-
brock strong linearizations of a structured (symmetric, Hermitian, skew-symmetric,
even, odd, etc.) rational matrix G(λ). Third, we have shown that FPs, GFPs and
GFPRs of G(λ) are Rosenbrock strong linearizations of G(λ). Fourth, we have de-
scribed automatic recovery rules for eigenvectors, minimal bases and minimal indices
of G(λ) from those of the linearizations of G(λ).
Appendix A. The proof of Lemma 3.16.
Proof. For simplicity, we write Λ̂i,j , Λi,j , Ω̂i,j and Ωi,j for Λ̂i,j(λ), Λi,j(λ), Ω̂i,j(λ)
and Ωi,j(λ), respectively, where Λ̂i,j(λ), Λi,j(λ), Ω̂i,j(λ) and Ωi,j(λ) are defined in
(3.5) and (3.6). For t ∈ {1 : m− 1}, we have the following:
QBt (ei ⊗ In) =
 (ei ⊗ In) + (ei+1 ⊗ λIn) if t = i for i = 1 : m− 1,ei ⊗ In if t 6= i for i = 1 : m, (A.1)
RBt (ei ⊗ In) =
 ei+1 ⊗ In if t = i for i = 1 : m− 1,ei ⊗ In if t /∈ {i, i− 1} for i = 1 : m. (A.2)
Let 1 ≤ k ≤ m− 1 and p ≥ 0, q ≥ 0 be such that k+ p+ q− 1 ≤ m− 1. Consider
Z(λ) := RBk+p+q−1 · · ·R
B
k+p+1R
B
k+p︸ ︷︷ ︸
Y (λ)
QBk+p−1 · · ·Q
B
k+1Q
B
k︸ ︷︷ ︸
X(λ)
.
Then X(λ) (resp., Y (λ)) is a product of p (resp., q) QB’s (resp., RB’s). We show that
Z(λ)(ek ⊗ In) =

0(k−1)n×n
Λ̂p,q
λpIn
0(m−k−p−q)n×n
 . (A.3)
By applying (A.1) repeatedly, we have
X(λ) (ek ⊗ In) =
(
QBk+p−1 · · ·Q
B
k+1
) (
(ek+1 ⊗ λIn) + (ek ⊗ In)
)
=
(
QBk+p−1 · · ·Q
B
k+2
) (
(ek+2 ⊗ λ
2In) + (ek+1 ⊗ λIn) + (ek ⊗ In)
)
= QBk+p−1
(
(ek+p−1 ⊗ λ
p−1In) +
∑k+p−2
j=k
(ej ⊗ λ
j−kIn)
)
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= (ek+p ⊗ λ
pIn) + (ek+p−1 ⊗ λ
p−1In) +
∑k+p−2
j=k
(ej ⊗ λ
j−kIn)
= (ek+p ⊗ λ
pIn) +
∑k+p−1
j=k
(ej ⊗ λ
j−kIn).
Now, by applying (A.2) repeatedly, we have Z(λ)(ek ⊗ In) =
(
RBk+p+q−1 · · ·R
B
k+p+1R
B
k+p
) (
(ek+p ⊗ λ
pIn) +
∑k+p−1
j=k
(ej ⊗ λ
j−kIn)
)
= (ek+p+q ⊗ λ
pIn) +
∑k+p−1
j=k
(ej ⊗ λ
j−kIn)
=

0(k−1)n×n
Λ̂p,q
λpIn
0(m−k−p−q)n×n
 , which proves (A.3).
We now prove that U(λ)(e1 ⊗ In) = Λα(λ). Recall the definitions of Λα(λ), mj
and sj associated with RCISS(α) = (c1, i1, c2, i2, . . . , cℓ, iℓ). If ℓ = 1 then by (A.3) we
have U(λ)(e1 ⊗ In) = U(c1,i1)(e1 ⊗ In) = Λα(λ). Next, if ℓ > 1 then by using (A.1),
(A.2) and (A.3) repeatedly we have U(λ)(e1 ⊗ In) = Λα(λ). Indeed, we have the
following. Recall that Λ̂cj,ij ∈ C[λ]
(cj+ij)n×n. We denote by 0 the zero matrix of an
appropriate size. Then we have
U(λ)(e1 ⊗ In) = U(cℓ,iℓ) · · ·U(c2,i2)U(c1,i1)(e1 ⊗ In)
= U(cℓ,iℓ) · · ·U(c2,i2)

Λ̂c1,i1
λc1In
0
 [by (A.3) since s0 = 0]
= U(cℓ,iℓ) · · ·U(c2,i2)
(
(es1+1 ⊗ λ
c1In) +

Λ̂c1,i1
0
0
) [since s1 = c1 + i1]
= U(cℓ,iℓ) · · ·U(c2,i2)(es1+1 ⊗ λ
c1In) +

Λ̂c1,i1
0
0
 [by (3.9), (A.1) and (A.2)]
= U(cℓ,iℓ) · · ·U(c3,i3)

0s1n×n
λc1 Λ̂c2,i2
λc1λc2In
0
+

Λ̂c1,i1
0
0
 [by (A.3)]
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= U(cℓ,iℓ) · · ·U(c3,i3)(es2+1 ⊗ λ
c1+c2In) +

0s1n×n
λc1 Λ̂c2,i2
0
0
+

Λ̂c1,i1
0
0
 [by (3.9), (A.1)and (A.2)]
= U(cℓ,iℓ) · · ·U(c3,i3)(es2+1 ⊗ λ
m2In) +

Λ̂c1,i1
λm1 Λ̂c2,i2
0
0
 [since m1 = c1 and m2 = c1 + c2]
= U(cℓ,iℓ)(esℓ−1+1 ⊗ λ
mℓ−1In) +

Λ̂c1,i1
λm1 Λ̂c2,i2
...
λmℓ−2Λ̂cℓ−1,iℓ−1
0

[by repeated application of
(A.1), (A.2) and (A.3)]
=

0sℓ−1n×n
λmℓ−1 Λ̂cℓ,iℓ
λmℓ−1λcℓIn
+

Λ̂c1,i1
λm1 Λ̂c2,i2
...
λmℓ−2Λ̂cℓ−1,iℓ−1
0

=

Λ̂c1,i1
λm1 Λ̂c2,i2
...
λmℓ−2Λ̂cℓ−1,iℓ−1
λmℓ−1Λcℓ,iℓ

= Λα(λ) [by (A.3)].
This proves that U(λ)(e1 ⊗ In) = Λα(λ).
Next we prove that (eT1 ⊗ In)V (λ) = Ωα(λ). For t ∈ {1 : m− 1}, we have
(eTi ⊗ In)Qt =
 (eTi ⊗ In) + (eTi+1 ⊗ λIn) if t = i for i = 1 : m− 1,eTi ⊗ In if t 6= i for i = 1 : m, (A.4)
(eTi ⊗ In)Rt =
 eTi+1 ⊗ In if t = i for i = 1 : m− 1,eTi ⊗ In if t /∈ {i, i− 1} for i = 1 : m. (A.5)
Let 1 ≤ k ≤ m−1. Let p ≥ 0 and q ≥ 0 be such that k+p+q−1 ≤ m−1. Consider
W (λ) := RkRk+1 · · ·Rk+p−1Qk+pQk+p+1 · · ·Qk+p+q−1. Then (A.4) and (A.5) and
similar arguments as those in the proof of (A.3) give
(eTk ⊗ In)W (λ) =

0(k−1)n×n
Ω̂p,q
λqIn
0(m−k−p−q)n×n

B
(A.6)
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Hence by (A.6), (A.4), (A.5) and by similar arguments as those in the proof of
U(λ)(e1 ⊗ In) = Λα(λ), we have (eT1 ⊗ In)V (λ) = Ωα(λ).
Appendix B. The proof of Proposition 3.17.
Proof. Define Z :=
 I(m−1)n 0
0 0
 +X(λ)Y (λ). Let Zi,j be the (i, j)-th block
entry of Z. Since xiyi = 0, we have Zi,i = In for i = 1 : m− 1 and Zm,m = xmym.
Further, note that we have either Zi,j = λ
pi+qjIn or Zi,j = 0 for all i 6= j. Hence we
have Z =

In Z1,2 · · · Z1,m−1 Z1,m
Z2,1 In · · · Z2,m−1 Z2,m
...
...
. . .
...
...
Zm−1,1 Zm−1,2 · · · In Zm−1,m
Zm,1 Zm,2 · · · Zm,m−1 Zm,m

. Now define L(λ) and U(λ)
by L(λ) :=

In
−Z2,1 In
... · · ·
. . .
−Zm,1 −Zm,2 · · · In
 and U(λ) :=

In −Z1,2 · · · −Z1,m
In −Z2,m
. . .
...
In
 .
Note that xiyi = 0 ⇒ yixi = 0 for i = 1 : m − 1. Hence it follows that
Zi,jZj,k = xiyjxjyk = 0 for i, k ∈ {1 : m} and j ∈ {1 : m − 1}. Consequently, by
block Gaussian elimination, we have L(λ)ZU(λ) = diag(I(m−1)n, xmym).
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